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A CONTEXTUAL TYPE THEORY WITH JUDGEMENTAL
MODALITIES FOR REASONING FROM OPEN ASSUMPTIONS

GIUSEPPE PRIMIERO

Abstract

Contextual type theories are largely explored in their i@gfibns

to programming languages, but less investigated for kndydeep-
resentation purposes. The combination of a constructivgulage
with a modal extension of contexts appears crucial to erploe at-
tractive idea of a type-theoretical calculus of provapifiom refut-

able assumptions for non-monotonic reasoning. This payigs-i
duces such a language: the modal operators are meant twailiter
two different modes of correctness, respectively with Beitg as
the standard notion of constructive verification and pdkisikas

provability up to refutation of contextual conditions.

1. Introduction

In the landscape of non-classical logics, constructivendrsystems use
proofs as first-class citizens to define the notion of truémegalized to truth
valid under assumptions. The idea of contextual truth, dhiginated with
sequent calculi, is well interpreted for provability in ttype-theoretical lan-
guages based on intuitionistic logic, such as in Martin-Tyjfe Theory:

In such a system, expressions have judgemental fbmre with propo-
sitional contentA, the latter being justified by an appropriate proof term
a: A. The corresponding notion of contextual truth allows folasuof the
formT F a: A, whereT is of the standard fornfz; : Ay, ..., 2z, : Ay,

a being a proof ofA whenever appropriate substitutions are performed on
the variables i, so that[zy/a; : Ay,...,zy/a, : Ay] F a : A holds.
This means that, constructively, hypothetical truth isucst to dependent
closed constructions and that hypotheses are groundecegrithitive no-
tion of premise. In Martin-L6f’'s Type Theory, this inducdgetconceptual

*Fellow of the FWO — Research Foundation Flanders.
1see [22], [23], [25].
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distinction between a known judgement and a judgementidatef The
notion of an assumption is obtained by abstraction: fromresttaction of a
proposition, one abstracts to obtain an assumption used img@licational
relation, whose computational content can be reconstiweben needed (as
its content has been known). This construction is reflectedd usual intro-
duction rule for implication in Natural Deduction calcubifferent research
fields can be traced back to similar principles groundedratdbe notion of
context. One of the first was the modeling of contexts fromv#iich even-
tually led to the propositional logic and first-order logiccontext® Further
research with applications in linguistics and hardwarefigation has the
very same starting poirit.

The ability to speak of contexts via a modal extension reprssthe next
obvious step. Along with the standard accessibility refaifor modal op-
erators in the intuitionistic translation @& and the constructive version of
54,° a weaker format to accommodate the notion of context is giyethe
calculusCK in [27]. The latter provides a possible-world semanticsnsbu
and complete with respect to the natural deduction intéxpos given in
[14]. The same kind of issues led recently to the formulabboontextual
modal type theories in [30] and [29]. In particular, the fatfanguage pre-
sented in [30] exploits constructions for both modalitiesf the same prin-
ciple of contextual derivability: the possibility judgemté A true) (propo-
sition ‘possibleA’ is true) is obtained from a contextually valid proposition
the necessity judgemefil A true) (proposition ‘necessarilyl’ is true) in-
ternalizes validity by satisfying assumptions, mimickithg Necessitation
Rule from the semantics for a normal modal logic.

In the present paper, we deviate from the propositionalagubr. our for-
mulas will be respectively of the forfl( A true) (necessarily, proposition
Ais true) and( (A true) (possibly, propositiod is true). Our focus is on
an interpretation of the modalities as meta-operators press contextual
validity. We shall understand the necessity judgement giggahat the as-
sertion conditions for the related proposition are satisfi€he possibility
judgement refers to a proposition whose assertion comditime admissible,
but whose construction is not guaranteed. We shall calkthedgements
‘open assumptions’.

Our starting point is the constructive reading of the notibiruth as exis-
tence of a verification, i.e. a notion truth by verification this is extended
by a semantic format for the epistemic notion of verificatiomder open

2See e.g. [23], [40]. The term ‘judgement-candidate’ is ioagy due to Géran Sund-
holm.

*See [26], [6], [5].

4See e.g. the bibliography in [1].

5For this see [31], [41], [3], [2], [1]; see [37] for an overvieof the early studies on
intuitionistic modal logics.
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assumptions. Technically, this amount to a version of tipe-theoretical
language that does not satisfy explicit substitutions aratsées for assump-
tions? in this way expressing a notion tfuth up to refutability This dis-
tinction recalls a sensible topic for constructive logids.standard expla-
nation of constructive refutation is based on the meaningitoitionistic
negation as the condition that there is no construction ricatzsurdity. On
this basis, indirect proofs in the form ofraductio ad absurdunare stan-
dardly not admitted, whereas the usual intuitionistic athiéyirule interprets
the classicakx falso quodlibet The foundational work [20] represents the
basic result of translation of classical mathematics intaiiionistic mathe-
matics: Kolmogorov reduces classical formulas to intaittic ones as long
as they are double-negated, what he calls ‘pseudo-trutis’jmplication
from ——A to A being valid in the domain of the finitary. The present paper
dwells on this foundational idea that truth is admissibled@ontent which
cannot be refuted, provided this is valid over a finitary dom&Ve provide
distinct constructors for ‘pseudo-truths’ (to keep on gdfimlmogorov’s ter-
minology) and for constructive truths. Formally, this reéeqa constraining a
part of the language to a finitary set of formulas with direstification pro-
cesses: in this fragment of the language, the meaning ofic jualgement
‘A true’ justifies the further conclusion that no construction fetd true’

is possible. We then extend the language by introducing geker notion of
‘truth admissible up to refutation’: this is defined by a douastor obtained
as a double negation introduction from the previously gisenof construc-
tors, representing an appropriate formulation for a cotitre notion of ad-
missible or not-yet-refuted truth-candidate. The relaastructions do not
need to satisfy any corresponding negation conditions,sthie case for the
notion of constructive refutation introduced in [Z1]We only require that
the notion of admissible truth-candidate literally sagisfihe logical concept
of an assumption, a term which might not have an appropfiaiduction
(as from the correspondingcalculus)® By interpreting hypotheses as open
constructions, a judgementt a: A expresses the truth of the proposition

6See e.g. [38].

"See e.g. [39, p. 40].

8The conditions required in [21] are: (1) a constructioproves—A if and only if ¢ re-
futesA; (Il) itis decidable whether or netprovesA, and whether or natrefutesA, whereas
itis not explicitly excluded that a formula may be proved mg@onstruction and refuted by
another; (lll) a constructiom refutes—A if and only if ¢ provesA. The combination of
points (1) and (Ill) represents a direct translation of canstive proof into refutation.

9 Notoriously, the Curry-Howard isomorphism which matchasrfulas in a Hilbert-style
system and types in calculi of combinatorial logic, hasutster step in the analogy between
natural deduction derivations and the terms of-aalculus. This latter analogy was estab-
lished by Martin-Lof in a paper titlednhfinite terms and a system of natural deduction
1969. | owe this information to Géran Sundholm.
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A on the basis of the information providedIih unless some of the judge-
ments formulated if' is refuted. The modal extension solves the problem of
expressing such an epistemic relation on contextual agtgins in the lan-
guage, giving a set of rules by which this notion is presemveder logical
inference. In this way we are allowed to survey our epistestdaad towards
a finite amount of logical information and claim our actualrst towards the
possible extensions.

The structure of the paper is as follows. Section 2 providear@ant in-
terpretation of the basic system of constructive type+thewhere the link
between hypotheses and refutable contents becomes dumissisection
2.2 this language is extended by introducing epistemic inogierators de-
fined by their judgemental scope; finally in section 3 the getutes for
such modal type-theory is formulated in order to preserfigability under
a consequence relation. In the conclusion, the next stejsafesearch are
mentioned.

2. Interpreting proved and refutable contents

In the description of realistic knowledge processes, itrseappropriate to
explain hypotheses as contents whose truth is declared;Hmge refutation
is not ruled out. Whereas a standard constructive readirsghypothetical
judgement is of the kind

(I know that) S is P, provided (I know thaty, to A,, hold,

we refer to the representation of knowledge states relatehet following
schema of sentential contents:

(I know that) S is P, provided thatd; to A,, are not refuted

whereS, P are terms andi; are all propositions. Contextual reasoning al-
lows us to implement this meaning of open assumptions ashpegsuth.
To this aim, formally distinct notions of global and locallidity can be
used to interpret truth in context via the underlying regdm assumptions
along with constructive truth. This is required becaus&@tasic construc-
tive definition of truth, refutable contents are not diseassHence, if the
proof of a constructionz; : Ay,...,x,: A, F a: Ais a process admitting
the proof of A under not yet verified assumptions, the truth of proposstion
Ay, ..., A, needs to be introduced in a non-constructive way.

In order to formalize such a reading, one needs to keep in¢tamh rules
for provenandassumedgropositional contents separate, i.e. where the latter
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are not ultimately justified on the basis of the former. Junlgatal modal-
ities will be used to express the resulting differembdes of correctnesst
a propositional content derivable in the context of eithvpn or assumed
propositions:

e a judgement](A true) expresses that a contedtis true in any
epistemic state, ad is independent from any refutable condition
(either there are none, or all of them have been secured);

e a judgement)(A true) expresses that a conteatis true in some
epistemic states, namely where certain conditions areefiatied.

To obtain a modal language where the meaning of the operastas-
plained in this way, we start from a polymorphic languagetaiming one
basic sorttype for categorical (non assumptions-based) constructivggud
ments with corresponding term constructar$; and one sortype;, s (in-
formation typg for judgements in a context of refutable conditions, with
corresponding variable constructars, x2.2° Judgements of the first sort
(type) induce a constructive notion of truttr(.c), the second onesype;,, r)

a weaker predicate of truth up to verificatignde*): type objects are mean-
ing objects, each related to a corresponding semanticqariedi

Our syntax, justified in the following two subsections anteeded to the
modal formulas only in the next section, is the following:

Types:= type; typeinf;

Propositions:= A; AN B; AV B; A — B;(3a;: 4;)B;
(Va;: A;))B; AD B A— L1

Proof terms= a; (a, b); a(b ) Aa(b )) <a,b>;

Proof variables:= z; (z(b)); (z(b))(a);

Contexts:=T',x2: A;T",a: A;"; OT'; A

Judgments:= a: A; (A — L);x: A; A true; A true*; I' = A true;
O(A true); O(A true)

The basic novelty of this syntax is represented by the inictidn of the non-
standard kindype;,; and the corresponding semantic notiome*: they
will provide us with the required syntactic-semantic weakg appropriate

10The reason to call refutable typeormation Types dictated by the underlying epis-
temic difference between functional information and krextge, where the former is defined
as meaningful data, whereas the latter by meaningful jedtfnd hence true) data. Given
both this conceptual distinction and the formal rules ttofe) expressions ity pe can be see
as a proper subset of tirgformation type
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for the notion of refutable assumption. It is on the basisuafsextension
that the modal fragment will be introduced in the next sectio

2.1. The non-modal fragment

The two objectgype andtype;, s are the linguistic/ontological categories of
our system. Type Formation is no longer a unique judgementt (a the
case with Martin-Lof’s Type Theory), because it now inclside/o distinct
cases. Absolute judgements in our type theory are of the torm and
-(A — 1), the latter generating an assumption judgementA. From
these two judgements we define both the types and the sertemtie of our
language.

Type formation and the verificationist principle of truthr frategorically
justified propositions are our basic inferences:

a:A

a:A
A type

Type formation
yp A true

Truth Definition

The first rule says: given a categorical constructiofor propositionA, A

is of the sorttype. The second rule says: given a categorical construetion
for propositionA, the sortA is categorically true. Provided they are justified
in the same way, in the following — and especially in the etiation rules
for connectives — we will take the liberty of using a judgernefithe form

A true in rules that usually require the sottto be equipped with term,
as A true always presupposes: A. Fortype the standard identity rules
that define Reflexivity, Symmetry and Transitivity hold asials The set
of judgements intype are the(categorically) verifiable formulasf the lan-
guage. Constructors for these judgements are composed\bghiating,
application, abstraction and pairing to define connectaed quantifiers:
AV, =V, 3

a:A b:B AN B true A A B true
a,b): AN B true a): r(b):
D:ANBtrue N T a4 PN 0.5 "

a:A b:B
l(a): AV B true Left1v r(b): AV B true

Right Iv

AV B true A — C true B — C true
C true

Ev

a:A Atrueb:B I A — Btrue a: A E
a(b):A — B true (a)b:B
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ay: A, .. an A A; true — b: B A((ai(b))A, B)
(Va;: A;)B type
(Va;: A;)B type (a;(b))A, B
A;true - b: B
A; true — b: B (< aj,b>, A B)
(Ja;: A;)B type =

(Ja;: A;)B type (< a;,b>,A B) .
A; true - b: B E
a:A
-A— 1

We omit identity rules on constructors, we use lheperator as &-construc-
tor on terms combined by application, angled parentheses for ordered
pairs as afl-constructor.— is obtained by application(b) of the construc-
tion a of the antecedent to the constructibof the consequent, rather than
by abstraction: it can be seen ag-#erm presentetbgether withone of its
a-terms!! This construction reduces all implicational relations a&egori-
cal terms and it validates no implication from the false.

Quantifiers are formulated accordingly. Universal preiiiicaabstracts
from enumerable sets of equivalent constructiond afll implying the same
propositionB. Its elimination picks one application out of those constru
tions. Existential quantification is justified by paired sbuctions, i.e. from
a constructor ofB which can be obtained from any of the equivalent con-
structors of4;. Its elimination picks out the constructor df to reconstruct
the implication.

The negation introduction rule is obviously derivable ie thtuitionistic
setting and it is crucial for the following extension to ftional expressions:
= occurs in a (negated) implication from a valid type to theuatdssm, say-
ing that if A true is a known judgement, then one infers that no construction
for —A holds. The corresponding elimination rule would validateilole-
negation elimination, but we formulate instead a non-stahe@xtension to
functional expressions by a connective Formally, a functional relation
among expressions is explained as follows:Aiftype holds, then a con-
struction of a new type3 is possible by considering the latter as a family
of sets over some : A such thatB type[z : A] whenever the substitution
[x/a] is performed. The type checking will require fissto be well-formed,
secondly evaluation to a current environment (i.e. theatdeis’ appropriate
typing) for extraction of variable terms, thirdly consttion for the variable

v

EY

Il

it interprets strict implication a la Heyting, recallingei@s mentioned by Martin-Lof
and the calculus of types with explicit substitutions preed in [38].
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in that environment, and finally evaluation of the variabhe she formula-
tion of the binding expression to a value for that environmérhe gener-
alization to multiple dependence being allowed, termsHaiype whenever
[x1:A41,...,2,: A,] are evaluated by being put into normal forms (eventu-
ally: weak head normal forms, explicit substitutions, cl@s) in order for
the predicationB type to be valid.

A new task is to admit no explicit substitution on such foremjlrequiring
that variables be well-typed without requiring that theytdveught to stan-
dard normal form. This leads to the introductionassumed truthn the
sense ofstill) refutable contents

We start by allowing the new type formatpe;, ;. A judgementa type;, ¢
is not given by direct construction, rather it is given by ckiag that no con-
struction for—A type is already given. In this way, an admissible (but not-
yet-grounded) predication is performed; the resultingasim judgement is
the one for hypothetical truthtsue*):1?

-(A— 1) _ ,
———— Informational Type formation
A typeinf
Atypein s x: A
A true*

Hypothetical Truth Definition

The judgement:(A — 1) in the previous fragment of the language says that
there exists no pair of constructiorsa, b > such thatu(b) : A true — L.

It does not imply that : A follows: the latter justification is kept entirely
constructive and therefore cannot be given by indirect fordte type;,, ¢
formation rule reminds us of a double negation elimination & recalls

an introduction rule, but it is not the appropriate courderf its classical
version. This can be only seen in terms of the implicatioe&dtion D that
holds fortype;, s and that shall be introduced below.

The second rule says that provideddcan be admitted as @pe;,r, a
weak truth-predicateruc* (true up to refutation) is inferred by assuming
a construction ford exists: it can be seen as a place-holder for admissi-
ble but strictly yet-ungrounded truth. As open terms of this form lack
direct computational content (i.e. their constructor i$y/amplicit but not

12|t is intuitive to understand the rule formation fdr type;ns as neutralized by a con-
struction for— A, i.e. as soon as a refutation dfis given. The epistemic dynamics naturally
involved by this rule can be described as the free act of tlsvlag agent to invoked ‘as
long as it is not refuted’. As mentioned in a previous footndhe reason to call this an In-
formation Type is due to the distinction we draw between @gmdgnts grounding knowledge,
and judgements providing information used to build (hyptittal) knowledge.

BThis interpretation represents a more epistemically ¢e2neading of similar uses of
open terms, notoriously relevant in, for instance, pagialuation, see [19], [18].
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evaluated), intensional identity cannot be defined oyge;, ; and only ex-
tensional identity as equality of the negated originatinge is defined. For
this reason, only conversions are admitted, so that typekihg and well-
formedness of types becomes undecidable in view of the peapexten-
sion withtype;, r; this also means that the introduction rule for the new sort

typeqn s Substitutes the usugtexpansiort?
Under this interpretation, we introduce within thgpe;, ; fragment:

Atypein s x: A& Btypepy
r:AF Btrue*

Atypeins r: A+ B true*

((x)b) : A D B true
(A D B)true A type[z/a]

B true

Atypein s x: A Btypeis a:A

(z(b))(a) = bla/z]: B typela/x]
Function construction says thatis true up toA being refuted (i.e. the for-
mulation of a construction of A being provided). The new implicational

Function Construction

D

[-conversion

Y This is clearly a different notion of extensional type thanatvis usually intended for
Martin-Lof’s Type Theory, which nonetheless leads to anieent result of general unde-
cidability. Our language seems inappropriate to definechifyi extensional concepts such as
pointwise equal functions and quotient types. Our main aitinstead to preserve as much
as possible a constructive model and then adapt it to fornmafral reasoning. Given the
nature of the project, what is more worrying for us is the isgibility of defining, in prin-
ciple, equality of proofs and identifying equivalent prgjimns that are not reduced to the
type fragment. This suggests that, under this interpretatiom$ of reasoning may remain
incomparable when starting with distinct — even though eajent — refutable assump-
tions. Provided the general incomputability of thge;, s extension, peculiar consequences
of the extensional version of Type Theory, such as the refutaf Church’s Thesis, become
less surprising. Nonetheless, it is maybe useful to nokiaefor every term irtype;, s that
can be correctly instantiated, there will be a correspantinm intype for which standard
intensional and extensional identity can be defined; shgjlfor any such term that can-
not be instantiated, there will be the corresponding négmitng refutation intype, which
again satisfies equality and identity. The philosophidefréiture questioning the axiomatic
view on mathematical proofs and their interpretation ashapically checkable derivations
is growing. In this direction, there is a large convergencainderstanding the real process
of proving mathematical statements as a problem-solvisigtteat makes a crucial use of hy-
potheses, supported by a mixture of deductive moves andtiodu See e.g. [36], [7], [17].
The present work offers some formal means of representisgngstions-based reasoning,
by enriching the formal structure of constructive proofshnd weaker format of admissible
truth. Nonetheless, from a purely formal viewpoint, thémiétte understanding of validity
for our system relies on the appropriate reduction to thedstal fragment of Constructive
Type Theory with theéype sort only, hence to a standard identity of proofs and exéteita
(mechanically checkable) programs.
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connectiveD induces the standard dependent functional constructiabby
straction. Its classical-like behavior is preserved byittieoduction rule,
where the antecedent is formulated in the first premise bystance of the
Information Type Formation rule and thus in principle by aidle negation
introduction. But the corresponding elimination rule égsitlly requires a
substitution of the double negated type A with a terma, so preventing
that it collapses into classical implication (namely by iditg its holding
with a false antecedent)3-conversion provides the appropriate translation
to standard dependent type formation by application, egimg reducibility

of type;n s 10 type.

The restriction imposed by and explicitly formulated by thé-conver-
sion rule, prevents the system from collapsing into classagic by ensur-
ing thatA D B true whenevetd — B true, and allowing thatd O B true
without A — B true, so invalidating the equivalence between the two impli-
cational relations. In [8] it is shown how the equivalenceaaflassical-like
and an intuitionistic-like implications can be producedunyestrictedly ac-
cepting one of the schemastrue — (B — A true) or A true D (B —

A true).® The collapse is then justified as follows:

1. (A — Btrue) D (A D B true)

2. (A D Btrue) D (A — Btrue)

3. (A D Btrue) D (Atrue — (A D B true))
4. A— B

5. (A — B)iff (AD B).®

In particular step. is obtained from step. by using an unrestricted version
of A true D (B — Atrue). As A occurs in this schema as the antecedent
of O and the consequent ef, obviously byF O the restriction holds that
A type.t’

In the following subsection we will present the extensionefmstemic
modalities derived from the introduced type constructoq@essing the va-
lidity of truth over contextual extensions.

15Here and below, the notation of [8] is abandoned in view ofdapsation to ours.

8 As this is supposed to express the collapse of the two intfitaelations, the equiva-
lence is metatheoretical and can be expressed in eithardgeg

i [8] the corresponding restriction on the axiom schemébas for A every occurrence
of classical implication, equivalence or negation be ingbepe of an intutionistic negation
or implication, i.e. thatd true D (B — A true) holds if A is so calledpersistent
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2.2. Modalities for provability up to refutation

The distinction between the notions of ‘truth by verificatiand ‘verifiabil-
ity-up-to-refutation’ can be internalized by the use ofstgmic modalities
as operators that apply to judgements of the fetrrue.

In the preceding section, strictly constructive truth maited to the epis-
temic protocol by which a verification can be formulated stiglly,*® i.e.
withoutassumptions. This explanation of the truth of a proposisiepports
the identity between the judgementd true” and “A has a verification in
an empty context of assumptions”:

Atrue =0k a: A

where (0)) describes the epistemic situation in which no conditiondas
needed, as such external conditions either do not exidtegritave all been
satisfied. Provided categorical justifications have epigteriority over de-
pendent one¥, if A true holds, it also holds under refutable data being
added, because by definition no declaratiaf type;,; will be allowed if

A type holds and thus : A is formulated. This will maked verified inany
extension of the empty contes:

Atrue < 0 Atrue & O(A true).

The following obvious step is to relate dependent truth &ihossibility
form of judgement. The judgement “it is possible that praas A is true”,
should mean that only isomecontext the truth ofd can be stated: the
contextI” in which A true holds will contain all the conditions that satisfy
a: A, and will be preserved by any other context in which thesalitimms
are not refuted:

Atrue* < 'k Atrue < O(A true)

18This notion of analytic judgement is introduced by Martitflin [24].

9Truth by verification has epistemic priority on provabilityp to refutation, whereas
dependent constructions with satisfied conditions (i.¢h wélid 5-conversions) are concep-
tually prior (because more general) to categorical constms.

20Judgmental necessity satisfies the correlation betweédityahnd justification under
no condition, as for the system presented in [30]; it is nlogalesss justified in a completely
different way, as the judgement “it is necessary that privjpos A is true” is based on the
analysis of its assertion conditions, by explaining neitess validity against any possible
state that contains refutable data for the constructia.of
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wherel" contains propositions of the form; true*.2! Wheres-conversion
applies, there is an immediate reduction to the previous oé4 true and
the necessity judgement.

The use of modal judgements is meant to internalize thendistn among
categorical and hypothetical (refutable) truth. The galimation to hypo-
thetical reasoning allows us to clarify the notion of asstiomp We shall
rely on the different introduction rules for the semantidgementsA true
and A true*. In the following section the full system for a modal langeag
of proven and refutable contents is formulated.

3. Contextual Modal Type Theory for verification and refutatio

The system for a modal type theory that includes a validitsitien up to
refutation is formulated by using the two distinct truthgicates, with propo-
sitional variables closed under logical connectives, pteans and proof
variables with distinct operations of application and edxgton depending
on the required semantic specification. Teuns ... and variables:, y, . ..
are respectively proof terms and place-holders for adbiesgiroofs; types
A, B, ... are propositions; for dependent judgements we use the gxen
planation of a judgement true holding under open assumptioms : Aq,
..., Ty A, collected in context on the left-hand side of derivability sign,
so that from now on our standard judgement is of the form (A true),
with its modal variants; we suppose that all variables inrdgext are distinct.
The modules of verified and refutable contents are introdlucgerms, re-
spectively, of a premise and a hypothesis rule:

T.a: A AT Atrue Premise Rule

Hypothesis Rule

Tz: A, A+ Atrue*

The premise rule introduces explicitly verified contenks hypothesis rule
reflects the introduction of contents that are only assurodakttrue; both
rules can havd’, A = {(}. Correspondingly, thérue predicate can be
understood as validity (that is truth in every situationdl @rcorresponds to
truth by verification; the predicate-ue* corresponds to validity in a con-
text of assumptions, or local validity. Standard logicahwectives apply on
construction-assigned formula, with the extension to tiygtical reasoning
(D). The identity between categorical judgement and judgeémaiid un-
der no context allows the internalization of the modal ofmeraf necessity

2LFor more on the philosophical justification of this notiorjudgemental modalities, see
[33].
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at judgemental level, whereas the hypothesis judgemerksamnrthe same
way for the internalization of the possibility operatér:

a:A 5 Formation z:A

O(A true) O(A true) ¢-Formation

We can extend categorical verifications to contextual oryesllbwing the
use of formulas:: A in context, so that: A F a: A is a valid construction,
but this remains in the scope of our categorical module ofahguage, cor-
responding to an identity function. Truth formation allothe construction
a:AF Atrue, but we shall not allow the derivation from: A to A true,
rather restrict the inference to truth only where verifiedlifl) assumptions
are used. To this aim, modalities are extended to contejiudgement. We
shall refer toI" as the necessitation of the cont&xtthat is a context con-
taining only valid assumptions; we call thgzemises

Definition 1 (Necessitation Contextfor any contextl’, (II" is given by
U{CA true | forall A €T'}.

A judgement valid under assumptions becomes a necessggmueht un-
der necessitation of its context of assumptions. Exprassiocontexts that
are not explicitly verified preserve the notion of refutabigths. We refer
now to a context containing assumptions of the farmi as follows:

Definition 2 (Normal Context)For any contexi’, OT" is given by
(| J{eA true | o = {0,0} and O A true for at least oned € I'}.

A judgement valid under assumptions becomes a possihiitggment if

its context remains normal, that is at least one of its pridpogl contents is

true*.?®

Because of the distinction between justified and refutabigents, the in-
troduction of judgementall is allowed under the verification of judgements
in the related context; its elimination rule induces a validposition:

22|n line with the general philosophical characterizatiorhi$ work, the formation rules
for modalities are intended as applying to any sort of prajmrsthat can be derived as a
theorem within the language; they thus have a logical chariaation, but not necessarily a
strict mathematical one.

23n various literature in modal logityecessitatiomndNormal Contexare usually called
Global and Local Context This distinction, however it is called, is crucial for peeg-
ing the problem of derivability under assumption in modaigaages. | have strengthened
here the reasoning, by obtaining modal judgements (raltlaerformulas) from the preserva-
tion/verification of assumptions. Cf. [15].
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' Atrue 0 O F O(A true) Asa:AF Btrue

O F O(A true) I' A+ Btrue ==
wherer iff [z;/a;]: A;,VA; € T, as by Definition 2*

To express the relation of truth instantiated by an hypdshes A, we
refer to validity in a context by introduction and elimiraii rules for the
{¢-operator:

I'z:AF B true*

O, O(A true) E O(B true)

O, O(A true) = O(A true) A,x: Al Btrue*
I' A+ Btrue*

EO

where the introduction rule shows the dependency of passinhtents from
refutable contents, whereas the corresponding elimimaxpresses the use
of this information to infer further possible knowledge endhe condition
expressed by Definition 2.

Local soundness and completeness of our modal rules canoledoin
the usual way by local reductions and expansions. Soundnebsained by
local reduction orJ(A true):

Dy
T'+ Atrue I E Do
O F O(A true) Aja:AFb:B 0F = I' A+ Btrue
A+ Btrue Redex

Dy is obtained fromD; and F by substitution on terms (see Theorem 1
below): a proof term ford is induced fromI" in Dy, i.e. by reducing all
open variables id" by S-conversion, in turn providing a proof term fd

in E, hence allowing the truth judgement. In computational &rthis rule

?4This rule for the necessity operator is similar the one thiced in [30], wheré1A4
is derived by a validA4, hence this validatea;- + A true = A;T F OA t¢rue and
requires an additional assumptidnvalid in the corresponding elimination. We express the
validity by the necessitation context (which implies it$emsion to any other context by any
B typeiny judgement) and analytically formulate it in the eliminaticule, by adding the
additional premise : A. In the comparison with the system presented in [14], theocalsv
similarity is that the therein contained modality, satisfies the same principle of ofir],
namely it builds-in the substitutions needed for formutasantexts. On the other hand, the
propositional format does not require afyoperator, its role being syntactically satisfied by
standard contexts.

25Als0 in this case we have an analogy with the correspondites rfiom [30]: we re-
quire the possibility judgement to be bounded explicithate: A in context, whereas their
approach infers it directly from contextual truth; the esponding elimination rule uses the
semantic judgement involving theue™ predicate, whereas in their cas€ @oss judgement
is inferred from contextually bounded truth.
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formalizes 5-reduction of B (value) with respect to all occurrences of its
procedures (codes) iA.
Completeness is given by local expansion & true):
Dy
Or, A FO(A true)
= Exp
Do I'a:A, A+ Atrue
Or, A FO(A true) O a: A, A+ O(A true)
Or, A -+ O(A true)

Prem Rule

By this expansion one shows h@& provides all the information needed to
reconstruct](A true). Computationally, it reconstructs the value on code
A. Notice that by the non-reducibility of : A to simple truth, one reaches
completeness for the-rules, which do not violate the meaning of hypothe-
ses, as it is the case with the rules for necessity in [32]. @rother hand,
given Definition 1, a side condition on multiple simultane@ubstitutions
is unavoidable, see [3].

Soundness is given by local reduction ®fA true):

Dy
I'z: A+ B true* ol E
ar, (A true) F O(B true) LA ¢ Atrue

', A+ Btrue*
Dy

I' A+ Btrue*

D is justified fromD; and F by the Hypothesis Rule ant): by £, I", A
in reduced form will contain at least one formulatgpe;, ;, which justifies
true* in Dy.?®
Finally, completeness by local expansion®H true):
D,
O, A F O(A true)
:>E'zp

<>E = Redex

Dy
H Rul
O, A+ O(A true) D,2:A,AF Atrue* <>EFJO ule

I' A+ Atrue*
O, A F O(A true)

This expansion shows how to reconstruct all the informatieaded to for-
mulate( (A true).

26Computationa|ly, this reduction formalizes the naming @fies that are presented par-
tially evaluated to prograns.
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The local reductions and expansions are usually completeédrins of
standard3-reduction and)-expansion, where by the former one shows how
formulas terminate presenting their computational cantmd by the latter
how to abstract variables, implementing the extensignaliinciple. As our
variables are not abstracted from corresponding terms aeithputational
content, we cannot implement expansion. lts role is actyadlyed by the
Informational Type Formation ruf€. The standard substitution operation of
variables by constants is as usual indicatedayy:| B as the substitution of
occurrences of in B by a; in our system this gives the relation between
verification and truth. The corresponding modal versiorwghthat term
substitution satisfies the inclusion ¢fin [J.

Theorem 1 (Substitution on terms)he following substitutions hold:

1. fT,2: A, A+ Btrue* andl', A F a: A, thenl', A + [x/a] B true.

2. If O, O(A true), A = O(B true) and ', A + (A true), then
O, A+ O(B true).

Proof.

1. by induction on the first given derivation, using the Hypasis Rule
and the inclusion ofB true* in B true; from the second premise
all occurrences ofd are declared beingype, in particular those in
I';A + B true* by g-conversion, therB true follows as valid in
any extension of’, A.

2. again by induction on the first given derivation: ¥ on the first
premise one obtains an occurrencerafA, using S-conversion on
A true* one obtaing3 true in the second premise; by 1 one finally
obtainsCI(B true).
O

Substitution on the different truth predicates and moddy@ments de-
fines structural rules for the system:

Theorem 2 (Weakening) The inference systems satisfies Weakening:

1. T+ B true, thenl,a: A+ B true.

271t is worth remember that this limitation is avoided for amyrh in type;n ¢ that is
actually3-reduced, as it then induces a corresponding tertya.
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2. If '+ B true*, thenl', z: A - B true*.
3. IfOT F O(B true), thendl', O(A true) - O(B true).
4. If OT' + O(B true), thenQT', O(A true) E O(B true).

Proof. By induction on derivations: in. uses the Premise Rule; 1 uses
the Hypothesis Rule; iB. usesI], in 4. usesI . O

Theorem 3 (Contraction) The inference system satisfies Contraction:

1. IfT,a1: A ay: A+ Btrue, thenl',a: A & a1 =~ ag/a|B true.

2. fT,z1: A, z9: At Btrue*, thenl',x: A+ [x1 = zo/x] B true*.

3. If0T a1: A, ay: A+ O(B true), thenOT', O(A true) - O(B true).

4. If0, x1: A, z9: A F O(B true), thendl', O( A true) = O(B true).
Proof. By induction on derivations: Reflexivity and Symmetry foropf

terms inl.; uniqueness of proof variables faype;, ¢ in 2.; in addition Truth
Definition andI for 3.; Hypothetical Truth Definition and{ for 4.. O

Theorem 4 (Exchange)The inference system satisfies Exchange:

1. fT,a1:A,a0: A+ Btrue,thenl as: A,a1: A+ B true.
2. i, x1:A,x90:AF B true*, thenl’,x9: A, z1: A+ B true*.

3. If0O0 a1 : Ayjag : A + O(B true), thenOT,ag : Ajaq : A +
O(B true).

4. If 00,2y : Ajxg : A B O(B true), thenOl, ze : A,y : A F
O(B true).

Proof. By induction and using the same properties on terms andblasas
for Contraction. 0

4. Conclusions and further work

In this paper we have presented a type system that extendsstriative
syntactic-semantic method inspired by Martin-L6f’s typedry with an ad-
missible treatment of refutable conditions for judgememée have drawn
a distinction between contents that are categoricallyifigdtand contents
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that are accepted as meaningful, but whose truth is deleat@bé introduc-
tion of epistemic modalities allows us to internalize caital truth in the
standard constructive approach.

The effect of extending a finitistic type-theoretical laaga by theéype;,, ¢
sort basically recalls the switch from extensional to istenal models, well-
known for Martin-L6f's Type Theory. Such a step, which edigly es-
tablishes the propositions-as-sets identity and the atgrice between truth
and inhabitation (Curry-Howard correspondence), notmlip leads to im-
predicativity by defining dype of all typeg® In the categorical models of
the simple type theory, all types can be interpreted by @hletsets: in
the contextual format one obtains the same models as Cartelsised cat-
egories, with object¥', A and mappind” — A as co-products to introduce
dependent types. These are the standard categorical nfiodigituitionistic
propositional logic.

In the case of our modal contextual type-theory, it is notugmoto ex-
plain an appropriate extension of the standard categajmaioach to model
the modalities, as it is the case with categorical modeloobtructiveS4,
see [1]. This is due to the unusual nature of the underlyidgnporphism
induced bytype;, s and hence requires non-standard models. Intuitively,
the basic extension provided by titgpe;,; sort in our language can be
thought of as a combination of a typed terms structure (a laret), by
which terms have unigue types, with a typing assignmentquloe (a la
Curry), where computation does not necessarily termiridie.extension of
standard models of Constructive Type Theory by a functian ittroduces
terms intype;, r recalls the partial function space constructor which is usu
ally lacking in type theories, a well-known fact from the dhies of types
such as from Martin-L6f’s, the Calculus of Constructioriee Nuprl imple-
mentation and tha-calculus format® T'ype;,, 7 can be seen as a constructor
for partial objectsand it modifies the standard models of type theory with de-
pendent products by allowing terms on which substituticresnat defined.
Under the propositions-as-types principle, such objeutsilsl be intended
as partial proofs, and the sort of informational expressioentified under
the type;,; sort expresses precisely the notion of a process of proviag t
is admitted without a proper constructor, only provided enofiits validity
conditions is refuted. The analysis of these categoriesserved to another
occasion. The issue of open proof terms is also receiviegtidin in systems
of higher-order rewriting.

28This was first resolved by preserving the notion of universenoall types extended
by dependent ones, the basis for an intensional minimallsitype theory of which, for
example, the calculus in [16] is a correspondikgalculus of proofs, and which can be
translated to an extensional classical system by the glmadtioned negative translation of
[20] (together with other possible extensions).

293ee e.g. [4], [11], [13], [12], [10], [9], [28].
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The extension to multi-modalities as distinctly indexecdeigtors is the
next obvious step for multi-agents and multi-source caagdxmodal type-
theory. A multi-modal type theory based on the polymorplattisg here
introduced is developed in [34], interpreted in terms o$tmelations among
agents in a network, where information flows in a strictlyeyesti way. Trust
is defined as a second-order property and the formalizatitemgrets com-
munication processes between sources (the prioritizegttate generated
by contexts of the dependently typed language) and a recgheindexed
contextually derived judgement). The modal operator h#dcto a set of
assumptions is induced from the priority relation amongresgions; the
modality prefixing the derived judgement is meant to repretee epistemic
status of the receiver in the communication protocol, #yridetermined by
introduction and elimination rules for modalities that &esed on canoni-
cal verification processes. A different interpretation ievided in [35] for
a computational interpretation of programs equipped vadations for data
accessibility in the context of distributed processing.
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