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FIXPOINTS OF MODELS CONSTRUCTIONS

SERGEI TUPAILO

Abstract

We start with Specker’s result that NF is equiconsistent with SCA +

Ext + Amb (SCA is the Simple (intensional) Type Theory). First,

there is a model Mg of SCA (simple). We define 2 operations .4

and A, acting on models of SCA (A; will be parametrized by a

finite list ¢1, . . . , ¥, of LtT-statements, but this is enough by com-

pactness):

(1) M |=SCA = A;(M) = SCA + Ext;

(2) M = SCA = A" U"(M) = SCA + Amb(y, . .., ¢y,)
(Jensen-Boffa’s Consis(NFU) proof).

Denote A(M) := A;“"“’W (Ay(M)). If the operation .A has a
fixpoint (i.e. M = SCA s.t. A(M) = M), then this M is a model
of SCA + Ext + Amb(¢)1, ..., ¢p).

For every M = SCA we define a "complexity measure" J(M)
(which is a set) and show that (a) J(M) is countable; (b) J(A(M))
C J(M). We also have J(A(M)) = JM) ==> A(M) =M. 1t
could be tempting to think that .4 must have a fixpoint by cardinality
argument (using existence of an uncountable ordinal), but in reality
this is not clear.

The Axiom of Choice of ZFC is used for defining the operations
Al and .AQ.

To conclude, NF is consistent assuming that such a fixpoint al-
ways (i.e. for every finite list 11, . . ., 1,,) exists.

1. Background

Our metatheory is ZFC. L+ is the language of Simple Type Theory.

Comprehension SCA is an axiom scheme

SCA™ : Jy" Ty (x Cy< Sﬂ[ﬂﬁ]) )
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with "t not free in ¢, for every n and for every formula ¢ € L17.
Extensionality Ext is an axiom scheme
Ext™ : vz Hyyntt (Vz”(z Erxre—zEY) DT = y) ,
for every n.
Given an Lyt-formula ¢, by o1 we denote the result of raising all type
indices in ¢ by 1. The Ambiguity scheme is
Amb : 0 T,
for all statements ¢ € L.
Theorem 1.1: (Specker) NF is equiconsistent with SCA + Ext + Amb.
Proof. This follows from Specker’s result [6]. A different, proof-theoretic,
proof of this fact can be found in [2]. O
Definition 1.2: A typed structure is a set M = {(M7,&’i) | i € N} s.t.
Jo < ... < jn <...Isanincreasing sequence of natural numbers, M7° #
0, andVieIN €7iC MIi x MIi+1,
Definition 1.3: Assume that M = {(M7i &Ji) | i € IN} is a typed structure
and i € IN.
(D FoerMJ:i,yEMJ:i,/\/l}:m:ymeansx:y. '
(2) Forxz € M7, y € MJit1, M |=x € y means (x,y) € €7t
For any ¢ € L17, M = ¢ is now defined in the standard way.
Lemma 1.4: If M |= SCA then Vi€ IN M7 # (.
Proof. For i = 0 the condition is given by Definition 1.2. For ¢ + 1 we use
the fact _ '
M = Fy vy (xEny:ac).

O
Definition 1.5: Let M = {{M7: &Ji) | i € IN} be a typed stucture. The join
J(M) of M is defined by

JM) == {({ji,z) |i e NAz € M},
—3



FIXPOINTS OF MODELS CONSTRUCTIONS 65

Theorem 1.6: There exists a model M of SCA with countable join.

Proof. Take Mg := {{P*F(0),€) | i € N}. O

2. Operations A and Ao
2.1. Operation A1: securing Extensionality

In this subsection we are assuming that M = {(M7i &%) | i€ IN} is a
model of SCA.

Definition 2.1: Set

~0 = {(yy) [ € M Ay € MY (1)
it {<1‘,y> e M+l x M+t ‘

V! elig Ty iy ~diyf /\ Yy €liy3x' iz’ ~iy'}; (2)

gl = {{z,y) € M7 x MJi+1 | Fz&liya ~i 2}, 3)

Definition 2.2: A weak typed structure (wts) is a set
N = {{N7+, (=70, &%) | k € N}

st jo < ... < jn < ...Is an increasing sequence of natural numbers,
Mo # (), Vk€IN (=xC NIk x NIk Aglk C NIk x NIk+1), and all equality
axioms are satisfied, i.e. forall k € N and all x,y, z € Nk, U,V € Nik+1,
the following hold:

z =T “

z =ty -y = 5)
a::j’“y/\y:jkzﬁa::j’“z; (6)
=My Az elku— yelkoug (7)
el uAu =Ty -z el . (8)

Definition 2.3: Assume that N' = {(N* (=Ix &ir)) | k € IN} is a wts and
ke IN.

(1) Forxz € N’%, y € NJ*, N |=, x = y means (z,y) € =k
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66 SERGEI TUPAILO
(2) Forx € N%, y € NJk+1, N |=,, © € y means (x,y) € &k
For any ¢ € L1T1, M |=y ¢ is now defined in the standard way.
Lemma 2.4: My, := {(M7 (~3i &) |i € IN} is a weak typed structure.
Proof. The requirement Vi € IN (~3iC MJi x MJi A & C M x Mi+r)

is immediate from (1)-(3).

Equality axioms (4)—(6) are proved by induction on ¢, using defining clauses
(D)—(2):
(4): The Claim is obvious for : = 0. Then,

it g 2 vy clixg Ty iz’ ~iyf /\ Vo' &lixda’ lixa ~iyf,

and the RHS is true by IH.

(5): The Claim is obvious for i = 0. Assume z ~Ji+1 y, i.e.

V' €lig Iy iy g’ ~igf /\ Vy' €liy3a’ iz a’ ~iy)
Using IH, this implies

Vy iy’ gy ~i g /\ Vo' lig Iy liyy ~i g

ie. y ~Jitt g,

(6): The Claim is obvious for i = 0. Assume x ~Ji+! y and y ~J+1 2, i.e.
V! elig Ty iy a’ ~Iiyf /\ Yy iy 3a’ di g’ ~Iiyf

and . . . . . .
Vo' €liy3 elizy ~Ii 2 /\ V' eliz 3y eliyy ~Ii 2

Using IH, this implies

Va'€lig 3 €liza ~Ji Y /\ Vi eliz3x' liga’ ~i

ie. x ~Jitl 2,

Remaining axioms (7)—(8) are proved by using defining clauses (2)—(3) and
already established facts (5)—(6):
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(7): Assume  ~Ji y and x &l By (3) the latter means Jzehiux ~Ji 2.
For this z, by (5) and (6) we obtain y ~Ji z, i.e. y €’ u.

(8): Assume x €%y and u ~Ji+1 . The former means
Jzediug ~i 2.

From u ~Ji+1 v, z €Ji 4 yields
Jwelivz ~it .

Using transitivity (6), we obtain z ~Ji w, concluding x Ediy.

Lemma 2.5: M, is a weak model of Extensionality, i.e.
ViENVQBEMji+1Vy€Mji+1
(VZEMji(Z Eligp s 7 &1 y) — g ~Jirt y) )
Proof. Assume ‘ ‘
1€ INANx € M+t Ay e M+

and . . .
VzeMY(z €' x — 2 €M y).

The latter is the same as
Vz(z &z o 2 & y),
which, using reflexivity (4), implies

Vo' elig Ty iy’ ~igf /\ Vy' €liy3a’ iz a’ ~i gy

By (2), this is the same as x ~Ji+1 g,
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Definition 2.6 In Simple Type Theory, set

20~y e T

x2+1 NH»l y1+1 P vuz sz1+1 Jot ezyz+1 u ~t
/\ vvi Eiyi—H Eluz GiIH-I ” P v;
i =0

o €yt e eyt Az

Given an Lyt-formula ¢, the Lyt-formula ¢ is defined by replacing every
xt =yt by 2t ~ ot and every xt € 't by 't € it

Lemma 2.7 For every LtT-formula o,
My FEwp <= MEo.

Proof. By induction on . The atomic case follows from Definitions 2.1 and
2.6. O

Lemma 2.8: For every Lyt-formula p[z"],
M = Vaia (a1 ~" 2y — (fla] = @loa]) ).
Proof. Since M,, is a wts (Lemma 2.4), we have
My o Vaiias (21 = @2 = (plan] = plaa]))
The Claim now follows from Lemma 2.7. O

Lemma 2.9: M, is a weak model of Comprehension, i.e. for every L1T-
Sformula p[z™],

Moy Ew Iy iva" (a: €y gp[:n]) .
Proof. By Lemma 2.7 it’s enough to prove

M = Fy iy <a: €y - @[m]) .
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Since M = SCA, take y € M/»+1 so that

M):Vx"(xEyHnﬁ[a:]).

We have to show

M E V2" ($€y<—>xény>.
If z €/ y, then z gin y follows by reflexivity (4). Conversely, assuming

x &y, we get Iz €in yx ~In z, and then M = @lz] and = €/ y by
Lemma 2.8.

0

Definition 2.10: By Lemma 2.4, every M7 is divided by ~Ji into a set of
non-empty equivalence classes. For every x € M7i, we denote

[z] == {2’ | 2’ ~Ji x}.
Define
[M7] = {[a] | = € M7},
and, for [x] € [M7"], [y] € [M7+1],
(] [€7] [y) iff Va' €[a]vy €[y) 2’ E" /.
The typed structure [M] is now defined

[(M] = {{[M7], [€7]) | € N}

Lemma 2.11: Let gp(mill, e 1’2’9) be an Ly1-formula with all free variables
shown, and 3 € M7, ... a}F € M. Then:
Mu fu p(at,. . 2) = M p(lay], . [))).

Proof. By induction on ¢, using non-emptiness of [x] (Lemma 2.4). The
atomic case follows from the equivalences

z Iy = 2] = [y]

and ) )
x €'y < [z] [€"] [y],
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which also follow from Lemma 2.4. O

Definition 2.12: Let Cy be a choice function, picking one element from each
equivalence class in [M7?), for all i € IN. Define

A(M7) := {Cya] | [2] € [M7]},
and, for x € Ay (M), y € Ay (MF+),
z ey iff 2] [€7] [y).
The typed structure A1 (M) is now defined
At(M) = {(A1(M7),€") | i € N}

Lemma 2.13: Let go(xill, ceey 3:2’“) be an Ly1-formula with all free variables
shown, and '} € Ay(MIn), ... z}F € Ay (M7i). Then:

Al(M) = plal, .. 2l) = M) E o[l ..., [2F).

Proof. By induction on ¢. First remember that we always have [C;[z]] =
[x]. The atomic case

Cilz] = Gily] <= [z] = [y]
follows from the fact that C; is a choice function, the atomic case
Cila] € Cily] <= [a] [E7] [y]
follows from the Definition 2.12 of €’:. O
Theorem 2.14: A1 (M) is a model of SCA + Ext.
Proof. Follows from Lemmata 2.5, 2.9, 2.11 and 2.13. ([

Theorem 2.15:
J(A1(M)) T IM).

Proof. From the Definition 2.12 we have A (M7i) C M7i, for every i € IN.
The Claim now follows from the Definition 1.5. O
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2.2. Operation Asy: securing Ambiguity

Definition 2.16: Let M = {(Mi €i) | i € IN} be a typed structure and
io < i1 < ... be an increasing sequence of natural numbers. We define a
typed structure N' = {(M7ix i) | k € IN} as follows: for x € M7,
ye Msi: Nz eyif MEJz(xezA{...{z}...} =y), where
the singleton operation is iterated i1 — i, — 1 times.

Such a typed structure will be called extracted from M, written N' < M.

Definition 2.17: If M = {(M7i &) |i € IN} is a typed structure, then M+
denotes the typed structure

MT = (M i) | € ING.

Obviously, < is reflexive and M™ < M. For any z, we denote {z}¢ := x,
{ohnar = Uebabn € N,

Lemma 2.18: Let M = {(M7:, &%) | i € IN} be a typed structure. If N <
M,z € MV, y € M+, then N' |= {z} = y is equivalent to M =
{x}ikuﬂ'k =Y

Proof.

NiE{at=y <= NEzeyrvwppey—p=u1)
= ME3z@ezN{z}i,—i-1=Y)
AVp (32" (p e 2 N2 Yip -1 =y) = p=1)
= ME{z}i,,—4=y:

Let’s check the last <. Reason in M. Assume LHS. For that z, we already
have {z};, ., —i,—1 = y, and it remains to show z = {z}. = € z is given.
Assuming e € z, and taking in the second part of the conjunction p := e and
2’ := z, we obtain e = z, q.e.d. Conversely, assume RHS. For 3z (x € 2z A
{#}irs1—ir—1 = y). take z := {x}. For the second part, if {'};, ., ;-1 =

y, then 2z’ must be {x}, and the only element of {z} is x, q.e.d.
U

Lemma 2.19: Let M = {(M7:, &%) | i € IN} be a typed structure. If N <
M, x € MV, y € M*+n, then N |= {x}n = y is equivalent to M =
{x}ikJ»n*ik = y
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Proof. If n = 0, the assertion is obvious. For n > 0, apply the previous
Lemma n times. U
Lemma 2.20: < is transitive.
Proof. Let N < M and O < N. We need to show O < M.
First, the domain of O is {Mji’“l |l € IN}. Assume z € Mk, Y€ M
Now compute:
O<N
OFzey = NEIz(reczN {2}y, t-1=Y)
N < M,L2.19
s M =3z (Fz1 (z € 21 Az by i, -1 = 2)
/\{Z}ikl+1 —lg1 Y)
< M ): dz (:c [SAWA {Zl}ikul —ig,—1 = y),
confirming that O < M.
O
Lemma 2.21: If N < M and M |= SCA, then N |= SCA.
Proof. Assume N' < M and M = SCA. Let p[z*] € L11. We need to
show
N FyFtlyeh <:1: €y« go[:z:]) : 9)
Let goN be obtained from ¢ by replacing every variable z! by 2, and re-
placing every z! € y!™! by 320 (2% € 2 A {2};,,—4—1 = y). Then
goN € L171. Rephrasing (9), we need to show
M = Jy vk (Elzik—’—l(l' € 2 M {zlip—i-1 =9) < SON["E]) .
(10
First, since M |= SCA, we have
M |= Fylet iy (x €y <« apN[az]) . (11)
—3
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Take y**+1 := {y1}4),,—i,—1. Observe

M = V' (:L' ey o T (zezn {2l i1 = y)) : (12)

Reason in M. Assume = € y;. Then RHS is satisfied by taking z := y;.
Conversely, assume 3z (z € 2z A {z};,,,—i,—1 = y). Then it must be
z=yrand z € y;. Q.E.D.

(12) and (11) now imply (10) and (9).
O

Definition 2.22: For any M |= SCA and any sentence ) € LT, let us say
that M forces 1 when v is true in every typed structure extracted from M,
and that M decides 1) when M forces either 1) or —p.

Remark 2.23: If M decides 1, then M = ¢ < ¢+,
Proof. Remember M™T < M. O

Lemma 2.24: (Extraction Lemma, Boffa [1]) Given any M |= SCA and any
sentence 1) € L1, there is a model N' |= SCA with N < M which decides

"

Proof. Let k be greater than all type indices appearing in 1. Define a parti-
tion G, G of [IN]¥*! as follows:

G1 = {io < << | <Mji0,Mji1,...,Mjik,...> }:1/1},

Go = {ig<i1 <...<ig| (Mo, MIn ... M, . . )E-}.
By Ramsey’s theorem (cf. [5]), take an infinite set X of natural numbers
ig < i1 < ...<ip < ...suchthat [X]¥*1 C Gy or [X]**! C Gs, and set

dom(N) := (Mo, M7, ... MJ¥n . . ). Inthe first case ([X]*1 C Gy)
N forces 1, and in the second case N forces —). O

Lemma 2.25: Given any M |= SCA and any sentence 1) € L1, there is a
model N |= SCA + ¢ < ¢t with N < M.

Proof. Corollary of Lemma 2.24 and Remark 2.23. (]

Lemma 2.26: Given any M = SCA and any finite list of sentences V1, . . .,
Vn € L1T, there is amodel N' = SCA + A\ o, i < Vi with N < M.
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Proof. Apply Lemma 2.25 n times. Use transitivity of < (Lemma 2.20). [J

Definition 2.27: Let a finite list of sentences 1, ...,%, € LT be given.
Let AQ”“'W" be a choice function such that

N v 0 and APUN(M) < M.

1<i<n

Theorem 2.28: Let a finite list of sentences 1, ...,Y, € L1T be given. If
M |= SCA then

AZEP (M) E SCA+ )\ i o ¥ and APV (M) < M.

1<i<n
Proof. Follows from Definition 2.27. O
Lemma 2.29: If N < M then J(N') C J(M).

Proof. By the Definition 2.16, the domain of N is just a subsequence of the
domain of M. O

Theorem 2.30: For any finite list of sentences 1, ...,¥, € L11, if M |E
SCA then
J(AGH (M) C I(M).

Proof. Follows from Theorem 2.28 and Lemma 2.29. O

3. Conclusion

Definition 3.1: Let a finite list of sentences 11, . .., 1, € L1T be given. For
M = SCA we define
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Definition 3.2: Let a finite list of sentences Y1, ...,0, € LtT be given.
M |= SCA is a fixpoint of AV1¥n jff

AVt (M) = M.
Lemma 3.3: If M = SCA and J(A1(M)) = J(M) then A1 (M) = M.
Proof. Assume J(A1(M)) = J(M). By Definitions 1.5 and 2.12, this im-
ples VieIN Ay (M) = M7,
which, using Definitions 2.12 and 2.10, further yields

VieINVze MIiVa' e MYt (z ~i o o o = o). (13)
By Definition 2.1 furthermore we have
VieINVz € M7y e Mt (z & y s z i y). (14)

(13) and (14) confirm that M and A; (M) is the same set.
O

Lemma 3.4: Let a finite list of sentences 1, ...,¢, € L1 be given and
M |= SCA. If J(AL " (M) = J(M) then ALV " (M) = M.

Proof. Assume that AY"7¥"(M) is given by an increasing sequence
tion 1.5,
{(Gi) i€ NAw e M7} = {(jy, 2) |k € NAz e M},

Claim. Vk€IN i}, = k.

/— By induction on k. First denote

A = {(2z)|i e NAz € M},
B {Gi,z) |k € NAz € MIix}.
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Ind. base: Take any x € M7 (by Lemma 1.4 such an x exists). Then
(jo,z) € A, so we must have (jo,z) € B. If ip > 0, then j;, > jo, and
Jir, = Jio > Jo for every k. Therefore ig = 0 must hold.
Ind. step: Take any x € MJk+! (by Lemma 1.4 such an x exists). Then
(Jk+1,2) € A, so we must have (jii1,z) € B. If i1 > k + 1, then
Jiws1 > Jk+1-and J;, = i, > Jjr+1 for every k' > k + 1. On the other
hand, by IH we have iy = k" and j;,, = jir < jry1 forevery k' < k + 1.
Since we always have 71 > k41, it remains to conclude that iy 1 = k+1.
-/
Since Vk €IN i, = k, by Definition 2.16 the € relation is the same in M and
A;"““’W (M), so M and A;ﬁl"“’w" (M) is the same set.
O
Theorem 3.5: Let a finite list of sentences 1, ..., ¥, € L1T be given and
M = SCA. If J(AV+¥n (M) = J(M) then AVr~¥n (M) = M.
Proof. Assume J(AY1%n(M)) = J(M), which is, by Definition 3.1,
JAR P (A1 (M) = IM). (15)
By Theorems 2.30 and 2.15 we must have
JAGT (AL (M))) € (AL (M) € I(M),
which, together with (15), implies
J(AF Y (A1 (M) = J(AL(M)) = J(M).
The claim of the Theorem now follows from Lemmata 3.3 and 3.4.
O
Theorem 3.6: Let a finite list of sentences 1, . . . ,Yn € L1T be given. If M
is a fixpoint of AY1 Y7 then
MESCA+Ext+ \ v« ).
1<i<n
o
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Proof. Let M be a fixpoint of A¥1¥n_Then
JAP (M) = (M),

and, as in the proof of the previous Theorem,

JAFD P (AL (M) = J(ALM)) = J(M)

and
AP (AL (M) = AL (M) = M.
The Claim now follows from Theorems 2.14 and 2.28. O

Definition 3.7: Let FIX 4 be the following assumption:

For every finite list of sentences 1, . .., ¥, € L1, there exists a fixpoint of
the operation AV1¥n

Theorem 3.8: NF is consistent relative to ZFC + FIX 4.

Proof. Assume FIX 4. By Theorem 3.6, there is a model of SCA + Ext +
Ni<icn Vi & 1/)2* for every finite list ¢1, ..., %, of Ltr-sentences. Then,
by compactness, there is a model of SCA + Ext + Amb. By Specker’s The-
orem 1.1, there is a model of NF, i.e. NF is consisent. O

Remark about FIX 4. It could tempting to think that since the "value" J(M)
is descending with the operation .4 (Theorems 2.30 and 2.15), starting with a
countable set (Theorem 1.6), it must have a fixpoint by cardinality argument
(using existence of an uncountable ordinal). Unfortunately, the operation .4
is defined on M’s, not on J(M)’s, and the "evaluation" J is not one-to-one.
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