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ON THE AXIOMATIC CHARACTERIZATION OF “WHO IS A J7’*

SHAO CHIN SUNG AND DINKO DIMITROV'

Abstract

Recent work by Kasher and Rubinstein (1997) considers the prob-
lem of group identification from a social choice perspective. These
authors provide an axiomatic characterization of a “liberal” aggre-
gator whereby the group consist of those and only those individuals
each of which views oneself a member of the group. In the present
paper we show that the five axioms used in Kasher and Rubinstein’s
characterization of the “liberal” aggregator are not independent and
prove that only three of their original axioms are necessary and suf-
ficient for the required characterization.

1. Introduction

The problem of group identification can be formulated as follows: Given
a group of individuals, how to define the extent of a subgroup of it? In
very recent papers (Billot (2003), Kasher and Rubinstein (1997), Samet and
Schmeidler (2003)) this problem has been related to formal models from
social choice and voting theory.

Kasher’s (1993) paper on collective identity can be considered as a first,
non-formal attempt to look at the group identification problem as an aggre-
gation task. In that paper the author views that each individual of a society
has an opinion about every individual, including oneself, whether the latter
is a member of a group to be formed. The collective identity of the group
to be formed is then determined by aggregating opinions of all the indi-
viduals in the society. The formal link between Kasher’s approach and the
theory of aggregators mainly developed in economic theory (Rubinstein and
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102 SHAO CHIN SUNG AND DINKO DIMITROV

Fishburn (1986)) was made by Kasher and Rubinstein (1997). In the latter
paper the authors provide axiomatic characterization of three aggregators:
the “dictatorship” aggregator whereby a pre-designated member of the soci-
ety determines who deserves to become a group member; the “oligarchical”
aggregator whereby the decision is taken by consensus among the members
of a pre-designated subgroup of the society; and the “liberal” aggregator
whereby the group consist of those and only those individuals each of which
views oneself a member of the group. The first two characterizations are
based on previous results by Fishburn and Rubinstein (1986) and Rubinstein
and Fishburn (1986) whereas the characterization of the “liberal” aggregator
is new.

Two of the five axioms used for the characterization of this new “liberal”
aggregator are called consensus (C) and monotonicity (MON). These axioms
are very familiar in the social choice literature and, in fact, sound plausible
when imposed as requirements on a collective identity aggregator. Consen-
sus says that if an individual is defined as a group member by every one in
the society, then this individual should be considered as a socially accepted
group member; and, correspondingly, if no one defines this individual as a
group member, then he or she should not deserve the social acceptance as
a group member. On the other hand, monotonicity describes what happens
if someone changes his opinion in favor of a given individual provided that
this individual already enjoys the social acceptance as a group member. The
exact definitions of (C) and (MON) are given in the next section.

These two axioms, in combination with other three different axioms are
used by Kasher and Rubinstein to reach logically the “liberal” aggregator.
In order to show the independence of the axioms these authors construct
examples (one for each axiom) that satisfy all axioms but the considered
one. However, a careful check of the examples for (C) and (MON) convince
us that both do not satisfy some of the other proposed axioms either and, in
addition, that these examples can not be repaired.

This fact shadows the characterization result of Kasher and Rubinstein and
constitutes the main motivation for this paper. Section 2 presents the basic
notation and axioms used for the characterization of the “liberal” aggregator,
as well as the examples for (C) and (MON). Our results with respect to the
characterization of the “liberal” aggregator by means of only three of Kasher
and Rubinstein’s original axioms are collected in Section 3. We conclude in
Section 4 with some final remarks.

2. Basic notation and axioms

Let N = {1,...,n} denote the set of all individuals in the society. Each
individual ¢ € N forms a set V; C N consisting of all society members that
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ON THE AXIOMATIC CHARACTERIZATION OF “WHO IS A J7” 103

in the view of 7 deserve to be accepted as group members. A profile of views
is an n-tuple V.= (V3,...,V,,) where V; C N forevery i € N. Let V be
the set of all profiles of views, i.e., V = (P(N))" where P(N) is the power
set of N. A collective identity function (CIF) J : V — P(N) assigns to each
profile Ve Vaset J(V) C N of socially accepted group members.

Definition 1: The strong liberal CIF J* is defined as follows.
J*'(V)y={ie N |ieV;} foreveryV € V.

The five axioms used for characterization of J* in the work of Kasher
and Rubinstein (1997) are consensus (C), symmetry (SYM), monotonicity
(MON), independence (1), and liberal principle (L). Each of these axioms is
defined as follows.

o A CIF J satisfies consensus (C) if for every V € V,
- i € Vg forevery k € N implies i € J(V'), and
- i ¢ Vj forevery k € N implies ¢ ¢ J(V).
o A CIF J satisfies symmetry (SYM) if, for every V' € V and for every
i,j €N,
= Vi—{i g} =V — {isih
-ieVyeje Vg, forevery k e N —{i,j},
—-1eVie eV,
—-1eViej eV,
implyi € J(V) < j€ J(V).
o A CIF J satisfies monotonicity (MON) if, for every V' € V and for
every¢,j € N,
-ie J(V)
- Vi =V;Uu{i},
- V] =V, forevery k € N — {j},
imply i € J(V').
e A CIF J satisfies independence (1) if, for every V, V' € V and for
every i € N,
-keJV)s ke JV')forevery k € N — {i},
-ieVy&ieV/ foreveryk € N,
implyi € J(V) < ie J(V').
o A CIF J satisfies liberal principle (L) if, for every V € V),
- k € Vj for some k € N implies J(V') # (), and
- k ¢V for some k € N implies J(V') # N.
Kasher and Rubinstein prove that the above five axioms characterize J*
(Theorem 1(a) in Kasher and Rubinstein (1997, p. 389). That is, the follow-
ing proposition.
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104 SHAO CHIN SUNG AND DINKO DIMITROV

Proposition 1: The strong liberal CIF J* is the only CIF that satisfies axioms
(C), (SYM), (MON), (L), and (I).

Moreover, in order to show the independence of these axioms (Theorem
1(b) in Kasher and Rubinstein (1997, p. 390-391) the authors construct ex-
amples (one for each axiom) that satisfy all axioms but the considered one.
They use the following examples for (C) and (MON).

Example (C): Let n be an odd number. Consider the CIF J defined as
follows. For every profile Ve V, J(V) = {i € N | i € V;} if the
cardinality of {i € N | i € V;}isoddand J(V)={i € N | i ¢ V;}
otherwise.

Example (MON): Consider the CIF .J defined by J(V) = {i € N |
Vi = {i}} forevery V € V, i.e., a J is anyone who considers only
oneself tobe a J.

However, the example for (C) does not satisfy (L) either. To see this, let
n = 3 (odd number) and let V' € V be a profile such that V7 = Vo = V3 = ().
Then the proposed CIF produces J(V) = {1,2,3} since #{i € N | i €
Vi} = #0 = 0 (even number). Hence, there is a profile of views such that
i ¢ V;forsomei € N and J(V) = N. It contradicts (L).

On the other hand, the example for (MON) does not satisfy (C), (L), and
(D) either. Take n = 3 and let V' € V be a profile such that V; = V5 = V3 =
{1,2}. According to the proposed aggregator we have J({1,2},{1,2},
{1,2}) = 0. Hence, although 1 and 2 are defined as group members by ev-
ery one in the society, they are not socially accepted, and it contradicts (C);
and although 1 and 2 define themselves as group members, the final group
is empty, and it contradicts (L). To see that this aggregator does not satisfy
(I) as well take againn = 3and let V, V' € V with V = ({1},{2,3},{1}),
V' = ({1},{2},{1}). According to the proposed aggregator we have
J(V) = {1} and J(V') = {1,2}. Notice that k € J(V) < k € J(V')
fork=1,3and2 € V, & 2 € V/ for k = 1,2, 3. Nevertheless, 2 ¢ J(V)
and 2 € J(V'), i.e., (I) is violated.

In what follows we show that these examples can not be “repaired”.

3. Axiomatization of the strong liberal aggregator

In this section, we provide an axiomatic characterization of the strong liberal
CIF as defined by Kasher and Rubinstein (1997) by using only three of their
original axioms: (SYM), (I), and (L). For that purpose we first show that (C)
is implied by (SYM), (I), and (L). Given an arbitrary 4-partition of /N and
two special profiles depending on it, we then point out a very useful connec-
tion between any CIF satisfying the above three axioms and the strong liberal
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ON THE AXIOMATIC CHARACTERIZATION OF “WHO IS A J7” 105

CIF. This connection is used to prove our characterization result. Finally, we
show the independence of the axioms as well.

3.1. The consensus axiom

Let us first have a look at some properties of CIFs satisfying (I), (L), and
(SYM). For each S C N, let V5 € V be a profile such that

VS = (o Ve, ..., V9) with VP =S foreveryk € N.

Obviously, for every CIF .J satisfying (C), we have J(V*°) = S for every
S C N. The following lemma says that the same holds for every CIF J
satisfying (SYM), (I), and (L).

Lemma 1: If a CIF J satisfies (SYM), (I), and (L), then J(V°) = S for every
S CN.

Proof. In order to prove the lemma, we show that, for every CIF J satisfying
(SYM), (I), and (L),

J(VS) =Sand J(VN=9) = N — S forevery S C N

by induction of the cardinality #S of S. Obviously, J(V°) = S and
J(VN=9) = N — S for every S C N is equivalent to J(V°) = S for
every S C N.

Let .J be a CIF satisfying (SYM), (I), and (L). From (SYM), each of .J (V')
and J(VY=5) must be one of §, S, N — S, and N, i.e., J(V®), J(VN=5) ¢
{0,S,N — S, N} forevery S C N.

Basis Step: Suppose #S = 0 (i.e., S = (). Then, we have J(V°),
J(VN=9) € {0, N}. From (L), we have J(V°) # N and J(VV—5)
+ (). Therefore, J(VS) =0 = Sand J(VNS)=N=N - 8.

Induction Step: For each m > 0, assume J(V°) = S and J(VV=9) =
N — S forevery S C N with #S = m, and show J(V*°) = S and
J(VN=9) = N — S forevery S C N with #S = m + 1.

Recall that J(V?) = ¢ and J(VY) = N. Thus, J(V°) = S and
J(VN=5) = N — S when S = N. Suppose S # N. Obviously,
from #S > 0, S is nonempty. Since S # N and S # (), from (L)
each of J(V*) and J(VN~9) is neither () nor N. Thus, we have
J(V), J(VN=5) € {S,N — S}.
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106 SHAO CHIN SUNG AND DINKO DIMITROV

Leti € S,andlet S = S—{i}. Obviously, #S = #S—1 = m. By
the induction hypothesis, we have .J (Vg )= SandJ(VN -8 )=N-—
S. From (I), we have J(VS) = S; otherwise, i.e., J(VS) =N-2G,
(I) is violated, because k € J(V) if and only if k € J(VN=9)
for every k € N — {i}, andi € V;° and i € VkN_S for every
ke N,buti ¢ J(V9) and i € J(VN_S). Again from (I), we
have J(VN=%) = N — §; otherwise, i.e., J(VN™5) = S, () is
violated because k € J(V=5) if and only if k € J(V5) for every
ke N—{i},and i € VkN_S and i € Vks for every k € N, but
i€ J(VN=S)andi¢ J(VS).

Therefore, J(V) = S and J(VN=9) = N — S forevery S C N. O

With the help of Lemma 1 we reach our first refinement of Kasher and
Rubinstein’s axiomatic system.

Theorem 1: If a CIF satisfies (SYM), (I), and (L), then it also satisfies (C).

Proof. The theorem is proven by contradiction. Suppose there exists a CIF J
that satisfies (SYM), (I), and (L), but (C). Then, there exists a profile V' € V
such that, for some 7 € N,

o i€ Viforeveryk € Nbuti & J(V),or

o | ¢V forevery k € Nbutiec J(V).

Suppose there exists ¢ € N such that ¢ € Vj for every k € N buti ¢
J(V). Let S = J(V) U {i}. From Lemma 1, we have J(V°) = § =
J(V) U {i}. However, (I) is violated, because, k& € J(V) if and only if
ke J(VS) forevery k € N —{i},andi € Vj, and i € V}° forevery k € N,
buti & J(V)andic J(V).

Suppose there exists ¢ € N such that i ¢ Vj for every k € N buti €
J(V). Let 8’ = J(V) — {i}. Them from Lemma 1, we have .J(V5') =
S" = J(V) — {i}. However, (I) is violated, because, k € J(V') if and only
if k € J(VY) forevery k € N — {i},andi ¢ Vi andi ¢ V;°" for every
ke N,butie J(V)andi g J(VS).

Now we can conclude that every CIF that satisfies (SYM), (I), and (L) also
satisfies (C), and the proof is completed. O

Remark 1: Notice that (L) and (SYM) do not appear in the proof of Theo-
rem 1, but both of them are applied in Lemma 1.
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ON THE AXIOMATIC CHARACTERIZATION OF “WHO IS A J7” 107

3.2. A partition lemma

Before we show that the strong liberal CIF J* is the only CIF that satisfies
(SYM), (I), and (L), let us slightly extend Lemma 1. Let P = (Py, P», P3, Py)
be an arbitrary 4-partition of N, and let V(70 V(1) ¢V be profiles de-
fined as follows. For each k € N,

V(P’O) _ PUP ifkePlng,
k PPUP,UP;y ifke PoUP;.
V(P’l) _ Py if k € P U Ps,
k B PUP, ifke PyUPy.

By definition of the strong liberal CIF .J*, we have J*(V(P0)) = j*(V(P1))
=P UPs.

Lemma 2: If a CIF J satisfies (SYM), (I), and (L), then J(V(P’O)) =
J(V(Pvl)) = P U P, for every 4-partition P of N.

Proof. Let J be a CIF satisfying (SYM), (I), and (L). From Theorem 1, J
satisfies (C), and thus,

e PLUP, C J(VPOY)and PN J(VFD) =@, and

e P CJ(VEPDYand (P3U Py) N J(VED) = 0.

Moreover, from (SYM), P; € J(VP0) or Py 0 J(VED) = ), and
Py, C J(VPD) or P, N J(VED) = . Therefore, J(V ) is P, U Py
or P, U P, U P3, and J(V(Rl)) is P, or P U P,. In the following, we
show by contradiction that J (V(P ’0)) # Py U P, U P3 with Py # (), and
J(VBDY £ Py with Py # 0.

Suppose J(V(RO)) = Py U P, U Py with P3 # (). Leti € P3. Notice
that i & V;(P’O) and{k € N |iec Vk(P’O)} = P, U Py. Consider the profile
V' €V defined as follows. For every k € N,

N ifk € Py,
Vk,:{ (PLUP,UPs) —{i} ifke (PUPs)—{i},
N — {k} if k € PyU{i}.

Then, we have (P U P, U P3) — {i} C J(V’) from Theorem 1, and either
PyU{i} CJ(V')or (PyU{i})nJ(V'") =0 from (SYM). Thus, J(V') is
either (P; U P, U P3) — {i} or N. From (L) and i ¢ V/, we have J(V') #
N. Therefore, J(V') = (P1 U P, U P3) — {i}. However, (I) is violated,
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108 SHAO CHIN SUNG AND DINKO DIMITROV

because k € J(V (50 if and only if k € J(V") for every k € N — {i}, and

(keN|ieVP N ={keN|ieV)}=PUP (e,ic Vi

and only if i € V} for every k € N), buti € J(VP9) andi ¢ J(V').
Suppose J(V(P’l)) = P; with P, # (). Let¢ € P». Notice that i € V

and{k € N |i¢€ V,fp’l)} = P, U P,. Consider the profile V" € V defined
as follows. For every k € N,

(k}  ifkeP Ui},
0 ifk e Py

(A1)

Then we have ((PoUPsUPy)—{i})NJ (V") = 0 from Theorem 1, and either
P u{i} CJ(V")yor (PLU{i})NJ(V") = 0 from (SYM). Thus, J(V") is
either () or P; U {i}. From (L) and ¢ € V;”, we have J(V") # (). Therefore
J(V") = P U {i}. However, (I) is violated, because, k € J(V(©)) if and
only if k € J(V”) forevery k € N — {i}, and {k € N | i € V")) =
{keN|ieV/'} =P, UPs(ie, i€ Vk(P’l) if and only if i € V} for
every k € N),buti ¢ J(VPD)and i € J(V"). Now we can conclude that
J(VEY = J(vPD) = Py U P; for every 4-partition P of N. O

Remark 2: Lemma 2 can be considered as an extension of Lemma 1, since,

forevery S C N, VS = VPO = (P with p = (S,0,0,N — S).

Remark 3: From Lemma 2 and J*(V(P0)) = 7*(V(BDY = Py U Py for ev-
ery 4-partition P of N, it follows that J (V50 = J*(V(P0)) and J (V1)
= J*(VPD) for every 4-partition P of N.

3.3. The characterization
Now we are ready for our characterization result.

Theorem 2: The strong liberal CIF J* is the only CIF that satisfies (SYM),
(1), and (L).

Proof. Obviously, the strong liberal CIF J* satisfies (SYM), (I), and (L).
Suppose there exists a CIF J that satisfies (SYM), (I), and (L), and J # J*.
It follows that there exists a profile V' for which J(V) # J*(V'). That is,
there exists ¢ € IV such that

eic J(V)andi & J*(V), or

e i J(V)andie J*V).
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ON THE AXIOMATIC CHARACTERIZATION OF “WHO IS A J7” 109

Then, let

Mo {keJ(V)—A{i}|i¢ Vi},
My {keJ(V)—{i} | i€ Vi},
No = {ke(N-J(V))—{i}|i¢&Vi},
Ny = {ke(N—=J(V))={i}|i€cV}

Notice that My U My = J(V) — {i}, NgoU Ny = (N — J(V)) — {i},
MyUNy = {kﬁ € N*{Z} | ) Q/ Vk} and M1 UN; = {k‘ S N*{’L} | 1€ Vk}

Suppose i € J(V) and i ¢ J*(V). Then we have i & V;. Let V' € V be
the profile defined as follows. For each k € N,

Mo U M, if k € My,
v/ — MoUMlLJNoU{i} %f]{?GMl,
k Moy U My lfk€NOU{i},

M()UMlUNoU{i} if k € Ny.

From Lemma 2 and V! = V(70 with P = (Mg, My, Ny U {i}, Ny),
we have J(V') = J*(V') = Myu My = J(V) — {i} withi € J(V).
However, (I) is violated, because k& € J(V) if and only if & € J(V’) for
everyk € N—{i},and{k e N|ieVi}={keN|icV}=MUN;
(ie., i € Vj if and only if i € V) for every k € N), but i € J(V) and
ig JV).

Suppose i ¢ J(V) and i € J*(V'). Then, we have i € V. Let V" € V be
the profile defined as follows. For each k € NV,

My if k € M,
v/ — M()UMlU{i} ifk€M1U{i},
- My if K € Ny,

MOUM1U{i} if k € Ny.

From Lemma 2 and V" = V(P with P = (M, My U {i}, Ny, Ny), we
have J(V") = J*(V") = My U M, U {i} = J(V) U {i} withi & J(V)).
However, (I) is violated, because, k € J(V) if and only if k& € J(V") for
every k € N—{i},and{k e N |iec V} ={ke N|ieV/} =
M; U N; U{i} (e, i € Vj if and only if ¢ € V}” for every k € N), but
i¢ J(V)andie J(V").

Now we can conclude that if a CIF J satisfies (SYM), (I), and (L), then
J(V) = J*(V) for every profile V € V, i.e., J = J*. Therefore, the strong
liberal CIF J* is the only CIF that satisfies (SYM), (I), and (L.). [l
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110 SHAO CHIN SUNG AND DINKO DIMITROV

From the monotonicity of the strong liberal CIF J*, the following corol-
lary can be obtained immediately from Theorem 2.

Corollary 1: If a CIF satisfies (SYM), (1), and (L), then it also satisfies
(MON).

Furthermore, in the following, we show that the three axioms (SYM), (D),
and (L) are independent.

Theorem 3: The strong liberal CIF J* is not the only CIF that satisfies some
but not all of (SYM), (I), and (L).

Proof. The proof consists of three examples, each of which satisfies exactly
two of the three axioms.

o Consider a CIF J defined as follows. For every V € V,

_fJNV) ifn=1(Ge., N ={1}),
J(V) = { {1} otherwise.

Obviously, J satisfies (I) and (L) when n = 1. Suppose n > 1.
Since k € J(V) if and only k € J(V') for every k € N and for
every V, V' € V, J satisfies (I). Moreover J(V) is neither () nor N,
and thus, J satisfies (L).

Now we show that J does not satisfy (SYM). It is obvious from J #
J* when n > 1. But, in order to show it directly, let n > 1 and
consider a profile V such that V;, = {1, 2} for every k € N. Notice
that every CIF satisfying (SYM) must either include both 1 and 2 or
exclude both 1 and 2. However, J(V') = {1}, and thus J does not
satisfy (SYM).

e Consider a CIF J defined as follows. For every V € V),

JH(V if J*(V 0,N},
J(V) = { N(— ,)]*(V) othergzvis)e.e { }

Since J* satisfies (L) and J(V) € {0, N} if and only if J*(V) €
{0, N}, J satisfies (L). Since J* satisfies (SYM), J*, defined by
J*(V) =N — J*(V) for every V € V, also satisfies (SYM). More-
over, since J(V) € {J*(V), J*(V)} forevery V € V, it follows that
J satisfies (SYM).

Now we show that J does not satisfy (I). Let n > 1 and consider
profiles V' and V' such that V;, = N — {1} and V] = 0 for every

“08sung_dimitrov

2005/11/15
page 110

— P



ON THE AXIOMATIC CHARACTERIZATION OF “WHO IS A J7” 111

k € N. Notice that J(V) = {1} and J(V') = 0, and 1 ¢ V}, and
1 ¢ V[ forevery k € N. Thus, J does not satisfy (I).
e Consider a CIF J defined as follows. For every V € V,

J(V) = 0.

Since k € J(V) if and only if k € J(V’) for every k € N and for
every V, V' € V, J satisfies (SYM) and (I). Consider a profile V'
such that V; = {i} for every i € N. We have J(V) = (), but every
CIF satisfying (L) must not be empty for such a profile V. Thus, J
does not satisfy (L).

O

4. Concluding remarks

In this paper we have shown that the axiomatic system used in the work of
Kasher and Rubinstein (1997) to reach logically their “liberal” aggregator
does not consist of independent axioms. Specifically, we have proved that
the consensus axiom (C) is implied by three of the other axioms — symme-
try (SYM), indepence (I), and liberal principle (L) — used in Kasher and
Rubinstein’s original characterization. Moreover, we have shown that the
same three axioms (being independent) are necessary and sufficient to reach
the required characterization. The latter fact indicates that these axioms im-
ply the monotonicity axiom (MON) as well. Hence, a simplification of the
corresponding axiomatic system is reached. Note that the implied axioms
(C) and (MON) are very natural to be imposed on an aggregation rule and
easy to interpret. The fact that exactly these axioms are implied indicates ad-
ditionally the strength of the remaining axioms, and especially of the liberal
principle (L).
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