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BEYOND CONSISTENT AND COMPLETE POSSIBLE WORLDS

Jacek PASNICZEK

1. The General Idea of Non-Standard Possible Worlds and Its Formali-
sation

We used to assume, explicitly or implicitly, that possible worlds are com-
plete and consistent. It means that for any possible world and proposition
A, either A or = A but not both, obtain in this world. This assumption
seems perfectly acceptable but only for those who reject as irrational any
form of contradiction. But the assumption need not be endorsed by those
who are inclined to allow at least some weak form of contradictions.
Rescher and Brandom in their well known book The Logic of Inconsisten-
cy. A Study in Non-Standard Possible-World Semantics and Ontology
argue in favour of rationality of inconsistent and incomplete worlds.!

The concept of non-standard possible worlds introduced by Rescher and
Brandom is supposed to be a generalisation of the concept of (standard)
possible worlds. Generally we can think of N-worlds as determined by sets
of propositions that are supposed to obtain in them. Thus non-standard
possible worlds, call them in short N-worlds, can be inconsistent (for some
proposition A, both A and — A obtain in a world) and incomplete (for some
proposition A, neither A nor — A obtain in a world).? However, N-worlds
are not supposed to be entirely irregular in the sense of being correlated
with quite arbitrary set of propositions. Some properties of standard pos-
sible worlds survive in N-worlds: these worlds remain deductively closed
in a certain sense of the word and they preserve logical laws.3

N-worlds can be conceived as built out of standard possible worlds, P-
worlds, by means of join and meer lattice operations. Thus we start for

I Cf Nicholas Rescher and Robert Brandom, The Logic of Inconsistency. A Study in Non-
Standard Possible-World Semantics and Ontology, Blackwell, Oxford 1980.

2 Here we assume that for every proposition there exists a proposition which is its nega-
tion,

3of course, N-worlds are not to be confused with so called “dead ends” and “non-normal
worlds™ used in the Kripkean semantics for S2 and 83.
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example from P-worlds « and v and obtain N-worlds: « D v and u @ v
(notice that the meet u & v is never ‘empty’ since at least logical laws ob-
tain in v and w). Generally, for any N-worlds U and V, U D V is understood
as the N-world in which everything obtains that obtains in Uorin V, U® V
is understood as the N-world in which everything obtains that obtains in U
and in V (and nothing else).

Perhaps the set-theoretical approach to N-worlds ontology is the simplest
one. Let W be the set of all P-worlds. In contemporary analytic tradition,
propositions are treated as subsets of W (we pass over some flaws of such
treatment of propositions). Thus, N-worlds can be considered as correlated
with subsets of P(W). For the sake of simplicity, if there is no danger of
ambiguity, we shall identify N-worlds with subsets of P(W).

The crucial principle of N-world ontology will be the following:

(*j A proposition A obtains in an N-world S iff there exists aset X € §
such that X C [A], where |A] is the set of P-worlds in which A ob-
tains.

The join and meet operations are defined as follows:

VEW=VuWw
VRW={XUuY:XEVAYE W4

In order to facilitate the understanding of the concept of N-worlds let us
consider some instances of N-worlds. Let s,u,v,w € W. According to the
principle, exactly the same propositions obtain in P-world s and in the N-
world {{s}}. Thus we can interpret P-worlds as some N-worlds (in other
words, we may embed P-worlds in N-worlds). Notice that a proposition
obtains in an N-world {{s} .{w}} = {{s}} @ {{w)}} iff it obtains in s or in
w; what follows then is that this N-world is basically inconsistent.5 A
proposition obtains in an N-world {{s}} ={{s}} ® {{w}} iff it obtains both
in s and in w; what follows then is that the N-world is basically incomplete.
A proposition obtains in an N-world {{s}.{v}} = ({{s}} ® {{u}}) D
({{v}} ® {{w}}) if it obtains both in s and u or both in v and w: what fol-
lows then is that this N-world is basically incomplete and inconsistent. All
propositions obtaining in every P-world and only those obtain in the N-
world {W} ; call that N-world the universal N-world. All propositions

4 Clearly, <P(P(W)),&,D> is a distributive lattice.

5 When we say “basically” we mean that this holds if for every two P-worlds there exists
458 Y a2y : ¥
a proposition which obtains in one P-world but not in the other.
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obtaining in some possible P-world and only those obtain in the N-world
P(W)-{D}; call that N-world the particular N-world. Every proposition
obtains in the N-world {J} (the full N-world), and no proposition obtains
in N-world & (the empty N-world). The ontological status of the last two
N-worlds is somewhat controversial since, by contrast with other N-worlds,
in {{J} even negations of logical laws obtain, and in &J no logical law
obtains. We will consider both, the logic which excludes these two N-
worlds and one which allows for such N-worlds.

2. The Logic of N-worlds (N-logic)®

N-logic is supposed to describe N-world ontology by means of N-language.
Basic formulas of this language have the form: aA, where « is a unary
operator and A is a formula. The operator « represents an N-world in such a
way that ‘aA’ is read as follows: in the N-world (associated with) « it is the
case that A, or: A obtains in the N-world (associated with) e.

Let ny,ny,n;,... be names of N-worlds and let / be a function which
assigns to the names non-empty subsets of P(W)-{(J}, where the interpre-
tation of ng is {W} and the interpretation of n, is P?(W)-{J}. Now we
consider a language, call it N-language, which results from the classical
propositional language by adjoining to it infinitely many new operators:
ng.nq,0,,...,where the first two are constant operators. Let «, B8 represent
any operator of N-language. The semantic interpretation of operators will
be the same as the respective N-worlds. Accordingly, the main principle of
semantics for N-language, N-semantics, will be the following:

(**) A formula «A is true (in P-world v) iff there exists a set X € I(«)
such that for every P-world w € X, the formula A is true in w.”

(Compare (*) and (**)). The remaining details of the N-semantics are the
same as those of classical semantics for propositional logic. Notice that
according to (**), operators nyand n; have exactly the same meaning as
classical modal operators of S5: [J and < respectively. Thus, from now on
‘CJA’ may be read optionally: in the universal N-world it is the case that A,

6 Let us remark that Rescher and Brandom have not developed any logic of non-standard
possible worlds in the traditional meaning of the word ‘logic’ (as consisting of an axiomatic
system and a semantics). All they have done can be considered as a formal approach to this
concept.

7 The relativisation to P-world v is needed here in order to evaluate truth-values of
formulas with iterated operators.
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and “CA’ may be read optionally: in the particular N-world it is the case
that A. 8

The logic of N-worlds, N-logic, is axiomatised by the following axioms
and rules of inference (/V-system).

N1  Truth functional tautologies

N2 [OADB)D(ad D aB)

N3 [JADA

Nd —[0—adA D[Jad

N5 <¢—AD A

MP if FyA D Band FpA then FyB
NG if FpA then FyaA and Fy—a—A

Let us list some characteristic theorems of N-system.

N6 [JA D aA8
N7 aAAB)DaAAaB:advyaBD oAy B
N8 [JAvB)D(aA vy —ma— B0

N-system possesses an important property of duality which is particularly
helpful in proving theorems. By a meta-formula dual to A we will call the
meta-formula A* resulting from A by replacing any meta-variable a by the
expression of the form ‘= a—" (we do not replace the constant operators
Cland < in A!). Now the following holds: if yA then FyA* (if A is a meta-
thesis then A* is a meta-thesis). The theorem can be easily proved by
showing that the formulas dual to axioms are theorems and that the rules

8 PROOF:
. AD(BDB)DA) (N1)
2. O(ADWBDB)DA) (NG)
3. DADLBDB) D A)) (N2)
4. COAD(a(BDB)D aA)) (N2)
5. a(BDB)D (A D aA) (N1)
6. aBDB) (NG)
7. OADaA (MP: 5.,6)
9PROOF:
. CKAABDA) (NG)
(A /A B D B)
2. a(ANB)DaA (N2)
3. aANB)D aB (N2)
4. ®ANB)DaAN aB (2.3)

The proof of aA \/ aB D a(A \/ B) proceeds in a similar way.

10 This thesis follows immediately from N2.
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MP and NG preserve the duality. In particular, according to the duality the
following thesis is the dual to Neé:

N*6 [JA D —a—All

From NS and N*6 we get the classical interdefinability of [] and <:
N9 QCA=—-[0-4;,04A=—-C-4A

and then, the following two theses:

N10 A D CAl2
N1l aA D CA

The next thesis is expresses one of the most distinctive features of N-logic:

NI12 apA = BAl4

1 According to our earlier remark, the necessity operator standing in the front of this
formula must remain intact.

12 PROOF: N3 and definition if <.

13 pROOF:
1. 0-AD —aA (N1,N7)
2. aAD []0A (1)
3. adDCA )

14 PROOF:
. BADCOBA (N10)
2. OBADIPA (N4,N9)
3. [BADapA (N6)
4. BADaPA (1,2,3)
5. aBADOPA (N11)
6. OBADIBA (N4,N9)
7. OBADBA (N3)
8. aBADpBA (5.6,7)
9. aBA=pA (4,8)
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Thesis N12 says that any iteration of operators is reducible to the first one,
i.e. to the operator immediately preceding the classical formula.!5 Accord-
ing to the duality, N12 holds whenever operators « and B are uniformly
intertwined with negation:

N¥12 a—BA= —BA; "a—BA=BA
Also the following theses play an important role in N-system:

N13  B(aA D B) = aA D BB
N*¥13 —a—(AD BB)= aA D BB; B(—aAd D B)= —aA D BB;
—a—(AD " BB)=aA D BB

Notice that, since usually adopted axioms of 85: [1(A D B) D (JA D OB)
and CA D [JOA are instances of theses N2 and N12 respectively, then N-
logic comprises the modal logic S5. Because of this fact and the fact that
N-logic can be viewed as a direct generalisation of S5, some other results
known for S§ can be analogously achieved for N-logic. Thus we can prove

15 Curiously enough, we cannot introduce to N-logic an actuality operator expressing the
truth in the actual world and fulfilling the condition: @A = A If @ were such an operator
then, according to N12, A = @A = [J@A = [JA; similarly for <. So this would make N-
logic completely trivial as a modal logic (despite the fact that 7 fulfills the axioms of N-sys-
tem). One can notice that there is a collision in meaning of formulas: @A (in N-world « it
is the case that in the actual world it is the case that A) and formula aA (in N-world « it is
the case that A).

16 pROOF:
1. aAD((ad DB)DB) (N1)
2. (aAD((aA DB)DR)) (NG)
3. Oad D O((aAd D B)DB) (N2)
4. A D0O(ad D B) D B) (3, N12)
5. AD(B(aA D B)D BB) (4, N2)
6. B(ad D B) D (aA D BB) (5)
7. BD(aA DB) (N1)
8. [(BD(ad DB (NG)
9. BBDPBaADB) (N2)
10. —aA D (aA D B) (N1)
11. O(—ad D (ad D B)) (NG)
12. B—ad D BlaA D B) (N2)
13. —aA D B—ad (N*12)
14. —aA D B(ad D B) (12,13)
15. (@A D BB) D BleA D B) 9, 14)

16. B(aA D B) = (aA D BB) (6, 15)
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the completeness of N-logic in much the same way as we prove the com-
pleteness of 8517 (see Appendix).

Since S5 is contained in N-logic one can draw here a philosophical con-
clusion that inconsistent and incomplete worlds do not violate the classical
modal laws.

3.  Modifications and Extensions of N-logic
By adjoining to N-logic axioms:

N1 OGAAB) D (adNaB D alANB)
N02 C—=(AvB)D(a(A\B)D aAy aB)!8

we obtain NO-logic. The following formulas are characteristic theorems of
NO-logic:

N3 —aA A —a—AD([OB=aB)!?
NV oA A a—A D (OB = aB)0
NO5 (@A A —[JA) A(—aB A CB) D (a—C = —aC)?!

17 We have in mind the method of reducing formulas to ‘modal conjunctive normal
form’ establishing a validity test for formulas of this form, and showing that every formula
which passes this test is a theorem. Cf. G.E. Hughes & M.J. Cresswell, An Introduction to
Modal Logic, Methuen, London 1972 or G.E. Hughes & M.J. Cresswell, A New Introduc-
tion to Modal Logic, Routledge, London and New York 1996. The proof of the complete-
ness of N-logic is more complicated than respective proof for 85 and quite tedious in details.

I8 Since N2 is dual to N°1 the property of duality is preserved in N0-logic N2 is spuri-
ous if N-system is enriched by the definition axiom DN4 —see below.

19 proof:
I. O=(BNAA)N (BA 7A) D (al(BAA)Y (B —A)
D(a(BNA) N a(B/A —A))  (N92)

2. ©=B D (aB D (aB/\A)\ (B —A)) (B=(B A A)\/ (B —A))
3. CaBD(aBD(aA\ a—A) (N7)

4. (maA/N —a—A) D (aB 2 [B) (3. N9)

5. (maA/\ —ma—A) D (aB=[B) (N6)

20 N9 is dual to N3 (in the sense that it follows in an analogous way from N%2 as N3
follows from N°1).

21 N95 can be divided into two theses:

N%a (—aB/\OB) D (a—CD —aC)

N%b (aA A —[JA) D (—aC D a—()

The theses easily follow from N%3 and N% respectively by contraposition.
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N6 (aC A —[OC) A(—aD A $OD) D (a(A A B) = (aA N aB))22

NO3 says that every operator associated with inconsistent world coincides
with <, whereas every operator associated with incomplete world coin-
cides with (1. Thus, according to theses N5 and N%6, in N0-logic every
operator « either coincides with one of the modal operators [], < or com-
mutes with and distributes over classical propositional operators. So N0-
logic dismisses all non-standard possible worlds except of the universal
world, the particular worlds, and P-worlds. As such it is basically equiva-
lent to S5. However, what distinguishes NV-logic from S5 is that in the for-
mer the truth in possible worlds is expressible in the object language.

Needless to say, formulas: @A and a— A may be simultaneously true or
simultaneously false in N-semantics, i.e. the N-world associated with «
may be inconsistent or incomplete, and the two formulas together do not
entail aB for arbitrary B (the formula A A a—A D aB is not a law of N-
logic). Notice also that according to NG, —a— (A v —A) is a thesis and
consequently a(A /A —A) is inconsistent on the ground of N-logic. It means
that a(A /A —A) cannot be true in N-semantics, i.e. contradictory proposi-
tions cannot obtain in any N-world. Thus N-logic can be viewed as accom-
modating non-adjunctive approach to paraconsistency.2?

The fact that a(A A —A) and any other formula aB for inconsistent B
cannot be true is a consequence of the fact that the full world is not allowed
to be an interpretation of operators (nor is the empty world). Conspicuous-
ly, we may generalise N-semantics by extending the domain of interpreta-
tion of terms to these two worlds. Consequently, the formula a(A A —A)
will no longer be universally false. The set of formulas valid in this new
semantics will be axiomatised by ‘almost’ the same axioms and rules —we
have only to replace NG by the classical rule of necessitation:

GO if FyA then FyJA

N6 and N11 cease to be theses of this impoverished version of N-logic, N*-
logic. Instead, only the following weaker theses can be proved in N*-logic:

22 N isa consequence of two separate theses:
N%a (—1aD /A $D) D ((aA N aB) D a(A /\ B))
N%b (aC /A —10C) D (a(A N\ B) D (aA /\ aB))
We omit proofs since they are quite tedious.

23 See G. Priest and R. Routley, Introduction: Paraconsistent Logics, Studia Logica,
XLII, 1/2 (special issue: G. Priest and R. Routley (eds.), Paraconsistent Logics), 1984;
N.C.A. da Costa and D. Marconi, An Overview of Paraconsistent Logic in the 80s, The
Jouwrnal of Non-Classical Logic, Vol. 6, No. 1, 1989.
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N*6 aB D ([JA D aA)
N*11 —aB D (aA D CA)

In particular, the first thesis says that if some proposition obtains in the
world associated with « then every necessarily true proposition obtains in
this N-world.2# Unfortunately, N*+-logic offers not much better treatment of
inconsistency than N-logic. Contradictory propositions obtain only in one
N-world, i.e. in the full N-world, and all other propositions obtain in this
world (the formula a(A A —A) D aB is a thesis of N*-logic as it is of N-
logic).

N-logic, in the form presented above, does not mention previously dis-
cussed lattice operations on N-worlds. However, we could enrich N-logic
with definition axioms for new operators:

DN1 (a® B)A = aAd \/ BA
DN2 (a® B)A = aA /\ BA2S

Operators (a @ B) and (a @ B) correspond to the results of join and meet
operations on N-worlds correlated with o and 8. N-logic may be addition-
ally equipped with a comprehension axiom which allows to define for
every proposition an N-world in which only this proposition and its logical
consequences obtain:

DN3 [B]JA =[(B D A) A OB26

Here [B] is a new operator correlated with the respective N-world. When
we combine DN1 and DN3 or DN2 and DN3 then for every finite set of
propositions we are able to introduce N-world in which only these proposi-

24 Although N*-logic is weaker than N-logic, yet it comprises S5.

25 The interpretations of new operators will be defined as follows:
K(abb))=l(a) U Kb)
K(a®b)={X U YE W. X € l(@) and Y € I(b)}

26 The interpretation of [B] is the set ([B]} , where |B] is the set of P-worlds in which the
formula B is true. Notice that if [B] is empty then [B] coincides with <. If we want to adopt
the comprehension axiom for N*-logic then the axiom takes a simpler form:

[B]JA=[(BDA)

It is worth mentioning that DN3 is a particular case of a more general comprehension

axiom which allows to define N-world [|B]:
[a|B]A = a(B D A) N\ OB

For details see: Jacek Pasniczek, The Logic of Intentional Objects. A Meinongian Version

of Classical Logic, Kluwer Academic Publishers, Dordrecht/Boston/London 1998,
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tions and propositions which are their logical consequences obtain (in the
first case that will be separate consequences of every member of the set,
while in the second case that will be conseqences of all members of the
set).

We can also define one more important operation on N-worlds which
was not introduced and even mentioned by Rescher and Brandom. This is a
De Morgan negation:

DN4 aA = —a—A?7

The operator & can be called dual to «; in particular [] and < are dual to
each other. It is worth emphasising that when DN4 is present in N-system
then the original axiomatics can be weakened essentially: we can drop the
second conjunct in NG, i.e. adopt instead of NG the simpler rule: if +yA
then FyaA; also we can omit N5 since[] is just <. So DN4 has, as a defi-
nition schema, a creative character.

One can easily observe that we cannot define a stronger negation, i.e. the
Boolean negation, since it would violate the deductive closure of N-worlds
in the sense of making it completely trivial.28 Let us suppose that &
expresses the Boolean negation, i.e. ® A = — aA holds for every operator
a and every formula A. Now consult the following derivation:

1. —aB (assumption)
2. a(ANB)DaB (N7)
3. maBD —alANB) (2)

27 The interpretation of this operator is defined in following way:
Ko )={X C W:forevery Y € l(a), X N Y # )

28 It is worth emphasising that the algebraic approach to N-world ontology can be appro-
priately extended in order to make it at least as rich as the set-theoretical approach. We
should adopt a De Morgan lattice N=<N, , &, &, [, O> with De Morgan negation
minimal and maximal elements (], < and a partial function f satisfying the following con-
ditions:

(1) f(a®B) = a@AB)
2) a<flo)

(3) fla)ysa

@ fifla)) =fla)

(5) AOH=0

Here the relation = is the ordering of N. Elements of De Morgan lattice which are equal
to their negations, a = ¢, represent P-worlds. The minimum and maximum elements corre-
spond to the universal and particular N-worlds respectively. Brandom and Rescher failed to
notice that possibility of enriching their algebraic approach to N-world ontology. Our set-
theoretical way of introducing and formalising N-world ontology is motivated by its relative
simplicity.
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4. —a(A A B) (1,3)

5. &AAB) , (4)

6. GANB) DA (N7)

7. A (5,6)

8. —aA (7, definition of &)
9. aA D aB (1 - 8)

Thus if a proposition A obtains in the world correlated with « then every
proposition obtains in that world. Obviously, this would make N-logic and
N-world ontology trivial.29

Let us define now in N-language a two-argument relation on N-worlds:

aC B istrueiff yepa) Yy enp XC Y)30
Then the following formulas are valid:

Cca D (a—A D —ad)

OCT D (mod D a—A)

CaNCOm D (A= 1aA) A (aA A aB D alA N\ B))
aca D (A D B) D (aA D aB))

aCa D OCa

aCa D (aA NaB D alA NB))

aCB O (BA D aA)

acf D (aA D BA)

00 =Gyl B9 b =

We see that the relation C characterizes structural properties of N-worlds.
Notice that formula ¢Ca expresses the consistency and formula Ox
expresses the completeness of N-worlds. The conjunction of these formulas
express the fact that the N-world associated with « is a P-world. N-worlds
for which aCe is true are not only consistent but laws of distribution hold
for them (yet, they need not be P-worlds). Within the category of N-worlds
for which C is reflexive we can also express identity of N-worlds —if aCf3
and BCa then the same propositions obtain in « and (.

There are many ways of developing the N-world ontology and applying it
as a semantic framework to various logics. Because of the presence of

29 Presumably that was the reason of not introducing by Brandom and Rescher the
Boolean negation to the ontology of non-standard possible worlds Obviously, one cannot
define the operator negation as: @ A = a— A since that would make N-logic inconsistent.
According to NG, a(A \/ —A) would be a thesis and so @a—(A \/ —A). On the other hand,
according to the same rule, = a—(A\/ —A) is not a thesis.

30 The relation is defined algebraically in the following way: a8 =4 fif) < a.



132 JACEK PASNICZEK

reduction principle N12, N-logic is, in a sense, the simplest and the strong-
est one, as S5 is among normal modal ones. But there is a variety of sys-
tems based on N-language and comprising some normal classical modal
systems, not necessarily S5. So, if we replace N4 by aaA = «aA, and
introduce a reflexive and transitive accessibility relation, we get an exten-
sion of modal S4 logic. Besides, there are a number of systems between S5
and N-system; especially interesting are those which, instead of N4, contain
the weaker axioms: af8A D BA or BA D afA and, consequently, N12 is not
provable in them. But semantics of these systems are more complicated
than N- semantics and their development goes beyond the scope of this
paper.’!

Conspicuously, the interpretation of N-logic as a logic of N-worlds is not
obligatory and not even the most natural. Instead we may treat N-logic as a
logic of generalised operators.32 Let us give just one example of the subset
of P(W)-{J} for which the operator interpretation is much more con-
vincing than the intended N-world interpretation. The set {X C W: [X| > |W-
X|} can hardly be interpreted as world-like entity but clearly we may asso-
ciate it with the operator “most often”. N-logic as it stands, accommodates
only monotonic operators ‘contained’ between [] and < (in the sense that
for every awand A, JA D aA D CA).

Appendix. The proof of completeness of N-logic

The proof of soundness of N-logic proceeds in the usual way. Now we
shall outline the essentials of the completeness proof of N-logic focusing

on the fragments which do not appear in the proof of the completeness of
Ss.

31 Besides, as it is easy to notice, such a logic would lack the important duality property.

32 The idea of interpreting operators as sets of sets of possible worlds goes back to
Richard Montague, cf Montague [1974a]. Cf. R. Montague, Pragmatics. In: R. Thompson
(ed.), Formal Philosophy: Selected Papers of Richard Montague, Yale University Press,
New Haven and London 1974; D. Gallin, Intensional and Higher-Order Modal Logic,
Methuen, London 1975. This way of interpreting operators is analogous to the way of inter-
preting generalised quantifiers, see J. Pasniczek, Non-Standard Possible Worlds, General-
ised Quantifiers, and Modal Logic, in: Jan Wolenski (ed.), Philosophical Logic in Poland,
Kluwer Academic Publishers, Dordrecht 1994.

However, the interpretation of N-logic as the logic of generalised operators would be
legitimated only if those operators were not understood in the analogous way as we usually
understood generalised quantifiers. Generalised quantifiers are insensitive to what objects
they are built of but they are sensitive only to the set-theoretical structure (cardinality).
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At the first step we show that every formula A of N-language is equiva-
lent to a formula of the form A; A...A A,,, where each of the conjuncts
Ajy,...,A,, has the following form:

() By [C V.. OC, % aiDy ypai aplly 5 = By By Nl
_|BP’I‘T_| H’.‘\/<>F’

where B, Cy, ..., C, Dy ..., Dy, Ey, ..., E,, F are classical propositional for-
mulas (containing only classical Boolean operator). The existence of such a
reduction follows basically from propositional logic and from N12, N*12,
N13, N*13. According to the duality of N-logic and to the soundness of it,
it can be shown that the formula (#) is a thesis (is valid) iff the formula A *
of the same form but fulfilling additionally the condition that m < k, and
each of By....,B,, coincides with some of «/,...,q (if there are no coinciding
formulas then A* degenerates to B \/ OC; v..v OC, v a1 Dy v oDy v
{F) is a thesis (is valid). Now we can state the test for validity of A*. A* is
valid iff one of the following formulas is truth functionally valid:

(1) B\ F,

(2) Gy Fforl =i =n,

(3) Dj\/ F for such i that «; is not among B;....,3,,,

4) D; \/Ej v/ F for such i and j that «; coincides with ;.

In order to prove the correctness of the test it suffices to show that if all
formulas listed above are not tautologies, i.e. each of them is false in a P-
world then the formula (#) is false in a P-world. Let wy,...,w,, be P-worlds
in which respective formulas are false: B \/ F is false in wy, C;\/ F is false
in wy, etc. (we cannot identify number p since it depends on the number of
coinciding a and S operators). We assume that W = [wo,...,w.,,} and assign
to [ and < appropriate interpretations according to N-semantics. Notice
that if a disjunction is false in a P-world so is each of disjuncts. It is easy to
see that all formulas B, (1Cy, ..., C,,, OF are false in world wy. If D, \/ F
is false in w; where i is such that «; is not among B,....,8,, then we can
assign to a; N-world {{w},—}} to make the formula «;D; false. Now let us
turn to the hardest case, i.e. to (4). Suppose that one and the same operator,
say 7, appears among «,...,a and B,,...,8,, (possibly several times). We
can consider here, without loss of generality, only special case. Assume
then that vy appears exactly three times among ap,...,a; and two times
among B},...,Bm: let yD!, yD2, yD3, yE', yE2. Let the following six for-
mulas: D'\ EN/F, D2EVWF, D3 EW/F, D\\/E2/F, D2 /E2\/F, D3\/E2\/F
be false in the following worlds v|,v5,v3,v4,v5,v5 € W respectively. Now
we assign N-world {{v,v5,v3}, {v4,v5.,v}} to 7. One can check that this
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interpretation makes all formulas yD!, yD?2, yD3, yE!, yE2 false (in any P-
world). Thus the whole formula (#) turns out to be false in P-world w,
(notice that all disjuncts of (#) except the first one, i.e. B which is false in
wy, are insensitive with respect of P-worlds in which we evaluate their
truth-values) and hence, it cannot be valid.

Now we have to prove that every valid formula of the form (#), i.e. the
formula which passes the validity test is a thesis of N-system. Thus what
we have to do is to show that if propositional formulas of the form (1), (2),
(3), (4) are tautologies then N-formulas containing respective operators are
thesis of N-system. If B \/ F is valid so B \/ F according to N1 and hence
FyB v OF by N10. Since B/ OF is a disjunct of (#) so (#) is a thesis. If C;
\/ F is a tautology so it is a thesis and Fy[JC; v/ CF according to N8 and
N9. Similarly, if D;\/ F is a tautology so it is a thesis, Fy[JD;\/ CF, and
then FyaD;\v CF by N6.If D; v E;\/ F is a tautology so it is a thesis,
FAC(D; v Ep) v OF by N8 and N9, and again by N8, FyaD;\y —a—E; v
F. This completes the proof.
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