NOTES ON SENTENTIAL LOGIC WITH IDENTITY

Grzegorz MALINOWSKI

The paper is mainly concerned with the Sentential Calculus with
Identity (SCI), i.e. the most simplified version of the non-Fregean
Logic (NFL). In a wider perspective, it brings together semantical
means of doing sentential logic as elaborated by the late Roman
Suszko("), the inventor of NFL. Partly, it may also be conceived as
encouragement for a deeper interest to be taken in the non-Fregean
approach to logic which, as I feel it, is still underestimated.

1. Sentential logic

The sentential logic is primarily a formal study of relations between
sentences depending on their form only. Therefore, the main stress is
put on sentential connectives. For the sake of simplicity we shall
consider an algebra

(1) ¥ =(FOR,F,,F,,....,F)y)

where FOR represents the totality of sentences and Fq, F;, ..., F, the
stock of connectives under which FOR is closed. The formal repre-
sentation of propositional language provides room for simple or
atomic sentences usually referred to as sentential variables
P1,P2s---»q1,92, ... . It is also assumed that the set Var(¥) of all
variables, Var(¥) CFOR, freely generates ¥. Thus, sentential lan-
guages are absolutely free algebras in their similarity class.

While interpreting a language a meaning to each sentence @ r(g) is
provided which is its semantic correlate or its referent, cf. Section 2.
At this stage two conditions are required from a mapping r of FOR
into the range A of all semantic correlates:

(*)  With each @ FOR exactly one semantic correlate is associa-
ted, i.e. r is a function;
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(**) Two sentences a, p EFOR are interchangeable in any sentential
context FOR whenever r(a) = r(B), i.e. for any @ €FOR,
p EVar(¥) :
r(@[a/p]) = r(@[B/p]) if and only if r(cr) = r(B)(").

Conditions (*), (**) were assumed by Frege [2]. The second will be
referred to as the property of referential extensionality. When taken
together they imply, cf. [8], the following basic semantical property:

(2) When A is the set of all semantic correlates of sentences of the
language ¥ = (FOR, Fy, F,, ..., F,), thenforeachi = 1,...,n the
formula Fy(r(a,), ..., (o)) = r(Fj(ay, ..., 04))
defines uniquely a function F; on A of the same arity as F;.

From (2) it immediately follows that each interpretation structure
(3) o = (A»FI,AF_Z’ "-:Fn)

is an algebra similar to ¥. Algebras of this kind are, somewhat
unusually, called matrices in [8]. Clearly, homomorphisms from ¥
into ¢/ are playing the role of reference assignments — later on they
will be opposed to logical valuations.

2. Fregean Axiom

Following [2] the Fregean semantic schema can be depicted as
follows, cf. [6]:

s(g) $___.___53 _____ ?t(cp)= lor=0
% Y, if @ is a sentence
N //
f N\ /g
N\ /
N /
\\ o
7/
A
()

(*) ¢ [o/p] is the formula which results from ¢ after substituting « for each occurrence
of p.
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In the diagram 1 and 0 represent the truth (das Wahre) and falsity (das
Falsche) of sentences, respectively. ¢ is a name or a sentence and r(¢)
its semantic correlate — referent (i.e. what is given by @), s(g) — the
sense of @ (the way in which r(g) is given by ¢). And, if @ is a
sentence, then t() is the logical (truth) value of . These assignments
are interrelated as follows:

(4) s(@) + s(y) whenever r(g) + r(y)

and, for sentences,

(5) r(p) * r(y) whenever t(g) + t(y).

In addition, the diagram commutes, since (4) and (5) imply existence
of functions f and g such that

(6) f(s(g)) = r(g) and g(r(g)) = t(g).

Being essentially interested in the sentential case we would like,
however, to direct the reader’s attention to the fact that within the
Fregean framework names and sentences are treated in (almost) the
same way — all sentences are supposed to be names denoting one of
the objects: either 1 or 0. This has found its expression in the so-called
Fregean Axiom:

(FA) r(p) = r(y) whenever t(g) = t(y),
(FA) being the converse of (5) together with the latter leads to
(FA') r(g) = r(y) if and only if t(p) = t(y),

the condition which says simply that there are exactly two referents
for sentences: they may roughly be identified with the Fregean 1 and
0.

Suszko baldly rejected (FA) because he did not want to have any
restructions concerning either the quantity or the quality of semantic
correlates of sentences. And, that was just the turning-point to the
construction of the non-Fregean logic (NFL) being a (referentially)
extensional paradigm of the classical logic, cf. [6], [5].

What can also be importantly said about Frege is that he did not
agree with the converse of (4) thus consenting that for some sentences
@, ¢, it is possible that

(7) s(@) + s(y) while r(g) = r(y),
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A nice formal theory of extension and intension extending this idea
can be found in [7].

3. Extensionality versus truth-functionality

Assuming (FA) we instantly get the following version of (**): For
any o, B €FOR

(..) tela/p]) = tep[B/p]) for each ¢ EFOR and p EVar(¥) if and
only if t(a) = t(f3).

This is what we call the principle of truth-functionality .

If for a sentential language ¥ = (FOR, F,, F,, ..., F,) (..) is secured,
the Fregean assumption of bivalence together with (2) yields that each
matrix .o/ = (A,?I,Fz, ..., Fy) in the sense of Section 1 is isomorphic
to a structure ({0,1}, F,, F,, ... Fy)such that

®) tFa, ... 00)) = Fi(t@), ..o, toy)).

In this case F;’s are truth-functions operating on the set of two logical
values {0,1} and each t is an exceptional homomorphism coinciding
with a logical valuation.

The question on the class of all possible truth functions was
answered as early as in 1921 in the classical paper by Emil Post. Here,
I'am recalling only the conditions for the timely honoured connectives
of negation ( ), implication (=), disjunction ( V), conjunction (A) and
material equivalence (). A function t: FOR— {0,1} is a classical
truth-valuation of the language ¥ = (FOR, |, =, V, A, ) if and only
if for any o, f €FOR:

t(loy =1 iff tlw)=0

tla=p) =1 iff tl@)=0ortP)=1
taVvp) =1 iff ta)=1lort) =1
taAB) =1 iff t(a)=1andt(B) =1
=) = 1 iff ta) = tP).

If for a sentential language the truth-functionality principle (..) fails,
then at least one of its connectives is not truth-functional. Still,
however, one may simulate description of the kind described. To this
aim, in the language a subset Ver(¥) of true sentences is chosen cf.
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[8]. Then, the conditions for |, =, V, A and & may be rewritten as
below:

laeVer(®) iff o Ver(¥®)

a=pEVer¥) iff a&Ver(¥) or [ EVer(¥)
a VP EVer?) iff aEVer(¥) or [ EVerl¥)
a Af EVer(¥) iff oEVer(®) and p €Ver(¥)

a < EVer() iff either a, f EVer(¥) or a,p &Ver(&).

As a consequence of assumption (*) in Section 1 we get that in any
semantic interpretation of the language there corresponds to Ver(¥) a
subset DS A of the set A of all semantic correlates. Consequently, to
an algebra o = (A,Fy,...,F,) there corresponds a proper logical
matrix

(9 A= («, D)

(the terminology is, again, borrowed from [8]). Obviously, algebraic
functions of possible truth-functional sentential connectives are then
satisfying counterparts of the above conditions for Ver(¥#). In the
matrix 2(, the elements of D play the role of designated elements.

Without (FA) there is no isomorphism between referents and logical
values of sentences. Consequently, none of the truth-functional
connectives can express (referential) extensionality. An ingenious
construction by Suszko [6] consists in introducing a binary connective
of sentential identity = characterized by the equality :

(10) tla=p) = 1 if and only if r(a) = r(p).

Obviously, = is not truth-functional. On the other hand, this connec-
tive is (referentially) extensional and due to (**) for any «, f,
@ EFOR and p €EVAR(¥) we have that

(1) tla=Pp) = 1 implies t(p [a/p]=¢[B/p]) = 1

This is a kind of extensionality principle expressed in terms of
non-truth-functional sentential connective and logical valuations.

4. SCI and its models

Suszko rejected (FA) in order to get an unquestionable logic of
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identity correlated with Leibnitz's ideas. The classical sentential logic
extended by the formator of identity characterized by (11) forms the
so-called Sentential Calculus with Identity (SCI), cf. [6]. So, SCI is
tormalized in the language

(12) Z=(FM, |, =, vV, A, &, =)

containing all previously listed truth-functional connectives and the
identity connective,

Let LA = IDA UTFA, where TFA is a set of axioms (in the
language of SCI) which forms, together with Modus Ponens, a
complete basis for the classical truth-functional logic, and IDA
consists of the following formulas.

(i) a=a

(i) a=p = (la=1p)

(i) (a=p) A (y=90) = [(a &) = (P &) where & stands for
one of the binary connectives =, V, A, < or =

(is) (a=p) = (a =p).

The syntactic SCI entailment g, is defined as follows:

X tsep aif and only if o is derivable by Modus Ponens in a finite
number of steps from X ULA.

Truth-valuational characterization of the SCI-entailment is easy to
get. A mapping t: FM— {0,1} is an SCl-valuation provided that t
satisfies familiar conditions for truth-functional connectives (cf. Sec-
tion 3), tle =a) = 1, t satisfies (11) in the language of SCI and is such
that t(o.=f) implies t(a) = t(3). A completeness argument with
respect to the class of all SCI-valuations is straightforward.

The characterization of SCI by the use of models given by Bloom
[1] not only suits semantical prescriptions of Section 1 as well as their
several consequences discussed later but it is also the most informa-
tive of all possible approaches as we shall see in the next Section.
Actually, an SCI-model is a (proper) matrix 2 = (&7, D) consisting of
an algebra

(1) L=(@A,-,=, U0 +,0)

similar to the SCI-language (A +) and a non-empty set DS A such
that D relates to operations in & as follows: For any a, bEA
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—a€D iff a&D

a+-beD iff a€D and — beD
aUb&D iff a&«D and be&D
aNbeD iff a€D and beD
a+-beD iff a-beD and b=asD
aocbeD iff a=b.

The referentially defined entailment +—® is introduced as follows:
X "¢ if and only if X i o for every SCI-model 21,

where X 7 a means that a is satisfied by any valuation over .o/ which
satisfies all formulas in X(?). Obviously, oy = H, cf. [1], [6].

SCI admits a great divergence of models. And, as stated previously,
each interpretation (valuation) of the SCI language is a homomor-
phism of ¥ into /. Notice that with each such h we may associate a
bivalent logical valuation t, : FM— {0,1} so that

tn(a) = 1 if and only af ha €D.

Then, obviously, the truth-functional connectives behave the same
with respect to ty, as they did with respect to t in Section 3. This shows
how referential assignements are related to logical valuations and how
logical two-valuedness is opposed to referential many-valuedness.

5. Ontology, modality and SCI

The non-Fregean logic, of which SCI is the most simplified version,
was built as a tool for formalizing an open part of the ontology of
Tractatus Logico-Philosophicus of Wittgenstein [14], cf. [11] and [12].
Contrary to Fregean view, a distinction was made between names and
sentences. Suszko argues in [6] that Fregean scheme applies not only
to names and sentences but also to formators of diverse categories
and, accordingly, that the famous Fregean ontological dictum should
sound:

(FOD) everything is either a situation or object or function.

(*) a is satisfied by a valuation h in A provided that h sends a into D (i.e. ha €D).
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(FOD) is worded in a terminology elaborated in [11] where referents of
sentences and names are called situations and objects, respectively.
Thus one may say that the ‘‘non-Fregean logic contains the exact
theory of facts i.e. situations described in true sentences or, in other
words, situations which obtain. If one accepts the Fregean axiom one
is compelled to be an absolute monist in the sense that there exists
only one and necessary fact™ (p. 218 of [6]). To support this view, one
may recall the main ontological thesis of the celebrated Tractatus
saying that **The real world is a totality of facts and not objects’’. The
crucial argument against (FA) is that the non-Fregean logic suits the
ontology of the Tractatus and is the weakest and the most general
two-valued logic, cf. also Section 4.

Relations of SCI to other propositional logics are pretty good and
they are explaining some important features of the whole logical
industry. Firstly, to get the classical sentential calculus it suffices to
enrich the set LA of SCI axioms with the formula

(14) aepf = a=p

or, equivalently, by adding the following ontological counterpart of
Fregean axiom:

(FA") (p=q) V(g=r) V(p=1).

(Then < *‘coincides’” with =!)(*). On the other hand, SCI proves to
be related to some recognized modal and non-classical logics, cf. [9],
[10] and [4]. Depending on a case, the comparisons are made
syntactically or semantically — each time, however, they show how
important role is played by particular invariant SCl-theories, i.e. sets
of formulas of the SCI-language closed under the SCl-entailment,
creating the base for the so-called axiomatic strengthenings.

To get a comparison of SCI with modal systems, the formal
translation a =p > O(a <) is employed, cf. [9]. It appears that the
two main modal systems S4 and S5 coincide with some invariant
theories of SCI: WT and WH, respectively. An axiomatic base for
WT is formed by a combination of a group of ‘‘logical’’ axioms for
Boolean algebra with = serving as the equality (this group contains

(*) More precisely, both the connectives have exactly the same properties, e.g. = is
truth-functional, and thus one of them may be excluded from the language.
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formulas such as e.g. (pAq) Vr) = ((qVr) A(pVr) and (p=q) =
(Ip v @)) with four formulas for (J o =4 o = I (with 1 representing any
classical tautology, say p V |p)(*): .

Op =q) = (p=q)
Up Aq) = (DpAQq)
0@ p =q)

DDp = Dp.

WH is received from WF by adding one more axiom:

(p=q) =10 V((p=q =0

with 0=4 |1.

In the Introduction to [6], Suszko calls the reader’s attention to
‘‘somewhat disquieting fact that the strong modal systems ... are
theories based on an extensional and logically two-valued logic,
labelled NFL, exactly in the same sense as axiomatic arithmetic is
said to be based on (pure!) logic, created essentially by Frege, hence
labelled FL ..."". Later on, in Section 11 of the same article it is shown
that the square connective (I cannot imitate the metatheoretic predi-
cate of analycity according to the following postulate:

Oa is true if and only if « is analytic.

6. Many-valuedness

SClI-like characterization of many-valued sentential logic was pri-
marily executed on the case of the three-valued logic of Lukasiewicz
in [13] and [10], First, the fukasiewicz matrix M3 = («/3, {1}) with
<3 being an algebra with two operations corresponding to Lukasie-
wicz negation ~ and implication — over the set {0,1/2,1} was
reproduced as some SCI-model and the set TAUT; of Lukasiewicz
tautologies was shown to be an invariant SCI-theory. As a result, the
entailment relation 5 :

X5 0 iff ¥y cpomee,wy (ha = 1 whenever hX S {1})

(*) Obviously, in order to do that we should secure that p vV |p = q v g for any p,
q €Var(¥). This is actually the case for Boolean SCI-models.
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with TAUT; = {a €EFOR :ha = 1 for every hEeHom(¥,.s/;)} ap-
propriately redefined on the extended propositional language proves
to be an axiomatic strengthening of 5., , compare p. 348.

The core of the enterprise is the use of the original fukasiewicz
operations ~ and — for defining classical connectives (operations): |,
=, V, Aand < over the set {0,1/2,1} under the assumption that 1 is
the only designated element (the only denotation of true sentences).
Recall that (%)

~a=1—-a
a—b = min (l,l—a+b),

cf. [3]. Let us put

la=a-~a
a=b=(a>(a—b)
aVb = (a»b)—b)
aAb=~(~aV~b)
aeb=(a=b) A (b=a)
a=b = (a—b) A (b—>a).

Then, the algebra o% = ({0,1/2,1}, |, =, V, A, &, =) is a definitional
variant of «/; and the matrix

M3 = (%, {1})
becomes an SCI-model.

It is worth noticing that in the propositional language to which M
corresponds the role of the identity connective is played by the
Lukasiewicz equivalence, cf. [3]. In turn, when applying the technique
of logical valuations mentioned in Section 4, with each homomor-

phism h: FOR*- {0,1/2,1} the valuation tn: FOR*= {0, 1} (®) is
associated so that

ty(a) = 1 iff h(a) = 1.

Then, all considered connectives axcept for = are truth-functional

with respect to the set of two logical values {¢, 1} (compare Section
4)!

To the end, the condition for identity:

tWa=pP)=1iff ha=hp
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exemplifies the relation of the realm of fukasiewicz referents to the
universe of two logical values.
Due to what has already been said all the formulas:

la =a-~a
a=p =(a—=(a—-p)
aVa =((a-=p)-p)
OAf =~(~a V~p
a = =(@=p) AP=w
a=f=(u->p) AP-oa)

belong to TAUT; = {a: 0+ a}. On the other hand

~o0 = (a=(a=0a))
a—=p =(arP) =)
a—f = ((aVP)=p)

also are in TAUT;. The latter means that all the properties of
t.ukasiewicz negation and implication can exhaustively be expressed
in terms of the connectives corresponding to the operations of the
SCI-model Mi;. From that there is only one simple step to be made to
come to the conclusion that actually t, is an axiomatic strengthening
of SCI, cf. [13].

The reference of the properties of % just discussed to the general
framework presented in the article may show what was distinctly
expressed by Suszko in [10] where the first half of the main thesis says
that:

“*The construction of so-called many-valued logics by Jan fuka-
siewicz was the effective abolition of the Fregean Axiom™ .

To complete the view it should perhaps be mentioned that the results
concerning ¥, were subsequently generalized onto the case of all
finite-valued fukasiewicz sentential logics in [4]. So, we may main-
tain that fukasiewicz was not only the first to abolish (FA) but to
construct an infinite family of non-Fregean logics as well.

Department of Logic Grzegorz MALINOWSKI
+.6dz University

ul. Matejki 34a

90-237 $.6dz, Poland



352 G. MALINOWSKI

REFERENCES

[1] Bloom Stephen L., A completeness theorem for ‘“Theories of kind W"', Srudia
Logica, XXVII (1971), pp. 43-55.

[2] Frege Gottlob, Uber Sinn and Bedeutung, Zeitschrift fiir Philosophie und philoso-
phische Kritik, 1892. pp. 25-50.

[3] Lukasiewicz Jan, O logice trojwartosciowej [On three-valued logic], Ruch Filozo-
ficzny, V(1920), pp. 170-171.

[4] Malinowski Grzegorz, Classical characterization of n-valued Eukasiewicz calculi,
Reports on Mathematical Logic, %(1977), pp. 41-45.

[5] Malinowski Grzegorz and Zygmunt Jan, Review of [6], Erkenntnis, 12(1978),
pp. 369-380.

[6] Suszko Roman, Abolition of the Fregean Axiom, in: Logic Colloguium, Symposium
on Logic held at Boston, 1972-73 (Edited by R. Parikh), Lecture Notes in
Mathematics, Vol. 453, pp. 169-239.

[7] Suszko Roman, An Essay in the formal theory of extension and intension, Studia
Logica, XX(1967), pp. 7-34.

[8] Suszko Roman, Formalna teoria warto$ci logicznych [Formal theory of logical
values|, Studia Logica, VI(1957), pp. 145-230.

[9] Suszko Roman, ldentity connective and modality, Studia Logica, XXVII(1971),
pp. 7-39.

[10] Suszko Roman, The Fregean Axiom and Polish Mathematical Logic in the 1920°,
Studia Logica, XXXVI (1977), no. 4, pp. 377-380.

[11] Suszko Roman, Ontology in the Tractatus of L. Wittgenstein, Notre Dame Journal
of Formal Logic, 9(1968), pp. 7-33.

[12] Suszko Roman, Reifikacja sytuacji [ Reification of a situation] Studia Filozoficzne,
vol. 69(1971), pp. 65-82.

[13] Suszko Roman, Remarks on Fukasiewicz’s three-valued logic, Bulletin of the
Section of Logic, vol. 4(1975), no. 3, pp. 87-90.

[14] Wittgenstein Ludwig, Tractatus Logico-Philosophicus, Annalen der Naturphilo-
sophie, 1922.



