TRUTH-FLUMNCTIOMS
Peter B, SIMOMS

It is sometimes said that truth-functions are functions from propo-
sitions 10 propositions, again that they are functions from truth-values
to truth-values, yet again that they are functions forming compound
sentences (or propositions) from simpler ones. Even the names given
o the classical propositional caleulus vary ; one hears also of senten-
tial caleulus, while the German Apssopentalli! means “statement
calculus®, and it has even been proposed to call it a truth-value
caleulus. () This confusion calls far clarification.

The whole terminology of truth-functions presupposes trealing
propositions and truth-values as abstract objecis, even if this is
regarded as uliimately a fagon de parler. The sense of *proposition” in
question is the modern one oniginating with Bolzano's Sarz an sich
and reinvented by Frege as his Gedanke @ propositions are objects
which are timelessly true or false, the archetypal truth-bearers, This
use of ‘proposition’ differs from that found in medieval and ancient
authors, as has frequently been pointed out. (*) The truth or falsehood
of a {(modern) proposition is conceived as independent of which
expressions are used o express it, who uses them, and under what
circumstances. Propositions are thus different from both sentences
(the abstract obpects investigated by linguisis) and from sialements
{concrete speech acts). But a sentence used in an assertion (making a
statement) very often, perhaps with other factors, determines a
proposition, and thereby a truth-value, It is not our intention here 10
seltle the question of priority, i.e. whether a sentence or stalement
gets a truth-value because it expresses a proposition, or whether
propositions anse by abstraction from sentences of stalements which
are themselves primarily to be reckoned true or [alse. As long as the
existence of propositions and truth-valves is accepled, that is enough
for my present pUrposes.

One reason for the confusion between propositions. sentences and
statements is that for truth-functional logic the differences are of linle
moment, If we consider “eternal’ sentences. which are true or false
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whoever utters them, in whatever (normal) conditions, etc.., then such
sentences determine a proposition alone, and we are entitled to speak
of the proposition expressed by the sentence. Given such sentences 5,
a special functor “that..." forms & name of this proposition. (*) From
propositions with names like ‘p°, we may gain a sentence which
expresses a lrue proposition just in case p is true by predicating a
special predicate of it, namely °... is the case'. This syntactic
switching from sentences to names of propositions and back is
governed by two rules:

Rl forall 5: 5 « (that 5) is the case
B2 forall p: p o= that (p is the case)

Such swiltching was not unknown to the young Frege. before he
amved at the idea that sentences were a kind of name: in his
Begriffsschrift (though not later) he treated the content stroke as we
have treated ‘that” and the judgement stroke as we have treated “is the
<ase’.(*) The similarity of R1 and R2, marked only by the difference
between the order of bracketing and the difference between the
identity predicate and a strong biconditional connective, is anolher
reason why the difference between senlence and proposition is
overlooked, and expecially so when sentences are taken as names of
truth-values, and identity replaces equivalence.

Comnectives like “and, “ar’, "if.. . then---" are expressions forming
compound sentences. Grammatically they are functors of category
sfss. Such Tungtorial expressions must be distinguished from the
sentence-pritern in which they typically oceur, of the form 5 and 57,
the variables here being place-holder dummics showing where senten-
ces are inserted 1o make the pattern with the aid of the word “and’.
Functor expressions are sometimes called “incomplete” or (following
Frege) "unsaturated’, but this latter expression is better reserved for
the sentence pattern the conneclive serves 1o form, sinee the patiern,
but not the word, is incapable of isolated or separate existence. (*)

The expression of sentential negation in English is the logicians® ‘it
is mol the case that... . This has the desired category s/, but is itsell a
complex expression involving the name-forming functor “that’, the
special predicate ‘is the case’ and the usual English negation particle
‘mot’. which modifies verbs and not sentences.

We can use connectives and our special syntactic adaptors o form
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expressions similar to connectives, but allowing proposition names as
inputs and/or outputs. The complex expression “that (... and---)" has
category nfss, while expressions having gaps for proposition names
are "... is the case and--- is the case’, of category slin, i.e. a binary or
relational predicate of propositions, and the expression “that (. .. is the
case and - -- 15 the case)’ forms a name of & proposition Mrom the names
of two propositions, and has category afnn. It is this last nominal
functor which may be said to express conjunction as a truth-function
of propositions. 1T pg are propositions, we express il here by Aip.g).
The result of the functor is a name of a proposition, the conjunetion of
p and g. The functor (which, being the propositional equivalent of u
conmective, we may call a jircior), expresses an operation, a function
from propositions to propositions, which we may call a function.
Conjunction is thus one particular binary junction. Both junctions and
Junctors are to be contrasted with conmectives,

For propositions we may always ask °Is it true or false ', or *“What
is its truth-value ?” Wh-questions are given answers which employ
concepts | call classiffers. Among classifiers are the concepis of
height, age, direction. number. (*}) The answer 1o a wh-guestion gives
a particular velie of the generul property meant by a classifier, ¢.g. 2m
tall, 32 yvears old, norih, six elw. Now for propositions the classifier
which interests us is the concepl eapressed by “the truth-value of---",
which is abbreviated “TV (---)". Classifiers may be considered as
function-like, in that they take arguments and vield values. The values
are hypostatised properties. In the case of the TV-classifier they are
the abstract truth-values T and F. When it is said of a panicular
Junction that (in constrast to others) it is a trth-firerion then whal is
meant is that the truth-value of its output depends only or, better, ai
mwrst, on the truth-values of its inputs, and not on other factors. This
is an instance of a general kind of relation holding among certain
classfiers which | call regularity. (") For the special case of conjunc-
tion we have:

Vpgrs TV(p) = TVig) ATVir) = TV} 2TY(Mpr)) = TV Mg S)).

Since truth-functions which are not dependent on (whose autput
truth-values are nol covarant with the truth-values of) their inpuls,
such ns the monadic junctions Tawrolopy and Comtradiciion , are also
counted as truth-functions, in the wide sense familiar from mathema-
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tics, we cannot always happily speak of dependence. However to the
extent that functionality is captured by the notion of regularity, the
terminology of truth-functions is justified. If we represent the com-
pounding of classifiers (such as “the truth-value of the conjunction
of ... and---") symbolically by **, the same sign as used to represent
functional composition, then we can say that the regularity represen-
ted above is that of TV*A (itself binary) on TV. In general, for any
junction =, it is a truth-function T TVs reg TV.

Because however we can indicate the effect of truth-functions with
truth-tables or matrices, it is tempting 1o take them as functions from
truth-values to truth-values. But, while there are indeed such simple
functions, they are not the same as the truth-functions we have
described, which are junctions, i.e. functions from propositions 1o
propositions. The connection may be made clear again using the
example of conjunction. Let K be the binary function on truth-values
o truth-values given by K(T.T) =T, K(F.T) = F. K(T.F) = F,
KiF.F) = F. Then

Ypg . TV(Ap.gh) = KITV(p). TVig)

The two functions K and A are homaomearphicaily related under the
function TV: K is the homomorphic transform of A in the domain of
values of TV, namely truth-values, This close relationship may
explain the tendency o ke truth-functions now a8 one, now as the
other, but does nol excuse il. For the monadic truth-function of
negation, with junctor ‘~*, and its homomorph N, the inversion
function between the truth-values, we have precisely a commutative
composition diangram

P . ~p)
™ TV
TVip) - - TVi~pl) = NITV(p)
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That we are entitled to take both truth-functions and their homo-
morphs as functions becomes clear when we consider which single-
valued relations we ¢an defline as equivalent to them. I
&pgu := Mpygd = v, then clearly & is single-valued, and the same
goes for a triadic relation defined similarly in terms of K. On the other
hand it is possible also 1w consider the truth-functions 1o correspond to
certain relations among propositions. or again, among truth-values,
The latter aliernative has been suggested by Dr Steen Olaf Wel-
ding. *) though provided we keep clear as to the general priority of
relations over functions there seems to be no reason 10 accepl
Dr Welding's criticisms of the Tunctional view of truth-functions,
which can, as we have demonsirated, be defended provided it is
cleared of confusion. In the case of truth-functions, it so happens that
we have amived al the functional rather than the relational view first,
and have perhaps found it more natural o proceed that way. But the
other way 15 equally aceeptable : for instance we can deline o relution
between propositions k such that p k o iff both p and ¢ are true. [t also
has a homomorphic image under TV in truth-values, namely that
relation which holds only from T to T and not otherwise. Since the
Fregean concepts corresponding to these relations are just the func-
tions Aand K, Dr Welding's suggestion may be seen as a way of doing
propositional logic without functions at all, reversing the Fregean
procedure. As such it is legitimate, but neither the only possible
vicwpoint, nor the most natural or easiest to use. As elsewhere in
mathematics, the use of functions makes things ren smoothly, al-
though it is theoretically dispensable.,

Uriversiry of Salzburg Peter M. Sivang
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