A SEQUENCE OF NORMAL MODAL SYSTEMS WITH
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In [1], [2], (3], and [4], Montgomery and Routley investigate
some properties of a sequence of systems T,, n = o, defined

by: Ta = T (specified by some suitable non-contingency
basis, see [1] pp 318-319), together with the axiom Ar®p, where
'A™ denotes n iterations of the non-contingency operator ‘A’
('A°p’ denotes 'p’). We investigate some properties of a simi-

lar sequence of systems Sz, n 2 o, defined by: S, = T (spe-
cified by some non-contingency basis) together with the axiom

Amp = Antip,

Montgomery and Routley obtain the following results
(where 'A — B’ means 'The set of theorems of B is a subset
(not necessarily proper) of the set of theorems of A’)

1) ~ (Ta—>Ty) for m<n

2) T,—T, form>n

3) ~ (Ta—S,) for m<n

4) To,—>S. form>n

We note in passing that 3) and 4) provide relative consist-

ency results for the Sz, n = 1. S, is of course the inconsistent
system,

An S-model for Si is an ordered triple <K,R,v >
where K = {Hj, ..., Hy}, k arbitrary but > 1
R C K® such that H;RH; iff i < j
v & {T, F} "*K (where W is the set of
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wifs of Si} is the usual valuation
function, satisfying in particular
v(A «, H;) = Tiff (j, 1) (HiRH; & HiRH, . D v(a, H;) = v(a, H)))
for any « € W, any H;, H;, H; € K.

Theorem 1 Any theorem of SL is true in all S-models.

Proof. Any S-model <K, R, v> is normal, and R is reflexive,
so any S-model is a model for T. It remains to be shown that
Ap = AApis true in all S-models. Suppose that v(Ap, H))
= T. Then (j,1) (HRH; & HRH,. o v(p, H;) = v(p, H))). But
HRH; so (j) (HiRH; D v (p, H) = v(p, H)). So for j > i, v(Ap,
H) = T. So for j =i, v(Ap,H)) = T. So v(AAp, H) = T.
Thus v(Ap = AAp, H) = T. In particular, since H,RH;, and
“HyRH, for 1 =+ k, v(Ap,Hy) = T, and so for n = 1, v(A® Hy)
= T by an induction.

Suppose on the other hand that v(Ap, H;) = F. Then for some
H;, H, € K; HRH;, HRH,, v(p,H;) = F and v(p,H)) = T. Let
h = min {j 1}. Then since h < j, 1, v(Ap, Hy) = F. But v(Ap,
H,) = T, and H;RH,. So v(A Ap, H;) = F. Thus v(Ap = A Ap,
H) =T.

Theorem 2 S, — S,, for n < m.

Proof. For n # m, the result follows by alternate applications
of ma—>+~ Aaand A (p = q) D.Ap = Agq, both of which
hold for T. See [1] pp 318-9.

Theorem 3 Any theorem of S, is true in all S-models.
Proof. Follows from theorems 1 and 2.

Theorem 4. A®p = A"p; m,n = 1 is true in all S-models.
Proof. Follows by an induction from theorem 3.

Theorem 5. A"p, n = 1, are false in some S-model.

Proof. An S-model which falsifies Ap is as follows K =
{Hl, Hg}, R = {<H1, H1>, <H1, H2>, <Hg,. H2> }, V(p, Hl] == F,
V(P- HE) =T
Clearly v(Ap, Hy) = F and v(Ap, Hy) = T. Whence by theorem
4, v(A"p,H)) = F, for anyn > 1,
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Theorem 6. ~ (S, —> Ta) _

Proof. By theorems 3 and 5, there is a model for S, which
falsifies A™p.

Theorem 7. ~(S,—>S,), for n > m.
Proof. Follows from Montgomery and Routley's (3) and (4)

m .
above. If Sz —> S, for some n, m, n > m, then since T, = S,, we

have that T, — S. for some n, m,n > m, contradicting (3).
The above theorems serve to separate the S, from one another

and from the T,. The relationship between the two sequences
can be diagrammed as follows:

Ti—)Ti—>T§——)...
ol

1 2
S, 8, —»S. =»...

Theorem 8. S,, for n > 1, has 2(n + 1) modalities.

Proof. Theorem 2 above shows that S, has at most 2m+1)
We need to show that Alp = “Alp, for i, j < n, are not pro-

vable in S,. Suppose the contrary and let i = min {i, j}. Then
since SiA —S,, Alp = ~Alp is provable in SiA. But Alp = Alp

is provable in Si, making S,i_\, and Ti, inconsistent.

Universily of Adelaide. Chris Mortensen
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