THE COMPLETENESS OF SO.5

M. J. CRESSWELL

In [1] and [2] E. J. Lemmon sets out a system of modal logic in
which the necessity operator L is interpreted as “It is tautological
(by truth-table) that” and calls it SO.5.

S0.5 has the following basis :

PCL: If a is a PC tautology, then — La (});
LAl: Lp o p;

LA2: L(p > @) = (Lp = Lqg);

MP: —a,—a>pf > +—B;

with uniform substitution for propositional variables.

We shew that a semantics can be given for SO.5 analogous to
those of [3] and [4] for other modal systems. Adopting the termino-
logy of [5] we define an SO.5 model as an ordered triple <V W x; >
where W is a set of objects (worlds), x; &€ W, and V is an assignment
from formulae and worlds to the set {1, 0} of truth values. The
basic assumption is that x; is the real world and in it necessity is
evaluated as in the models of [3], while the rest are worlds in which
only PC tautologies are true(?). This is ensured by Iletting
V(Laxi) =1 or 0 independently of the value of o (for x1 # xi).

We can set this out formally as follows :
{VWx;)is an SO.5 model iff:
W is a set of worlds, x; e W and V is an assignment satisfying :
1.1: For propositional variable p and x; ¢ W, V(p x;) = 1 or 0;
1.2: For wif a and x; e W, V(~ax)) =1 if V(ax,) = 0, other-
wise 0;

(1) The numbering is ours. Lemmon actually has two rules (v. [1] p. 31),
PC: If a is a PC tautology then —a, and R1: If a is a PC tautology then
—La. Clearly by LA1 and MP the first of these follows from the second.

(2) These worlds are somewhat like the ‘non-normal’ worlds of [4] p. 211
where Lo is always false.
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1.3: For wffs o and B and x;e W, V((avB) xi) = 1 iff either
V(o xi) = 1 or V(B xi;) = 1, otherwise 0;

1.4: For wif o and xie W (xi # x1), V(Laxi) =1 or 0; for x;

V(La x;) = 1iff for every x; e W, V(a x;) = 1, otherwise 0.

o is true in an SO.5 model (VW x; > iff V(axi) = 1.

a is SO.5 valid iff a is true in every SO.5 model.

We shew that every theorem is valid :
1.) If a is a PC tautology then by 1.1-1.3, for every x; ¢ W, in every
SO.5 model, V(axi) =1, hence V(Laxi) = 1 (in every model),
hence La is valid.
2.) Suppose for some SO.5 model (VW x; >, V((Lp = p) X1) = 0,
then V(p x1) = 0 and V(Lp x;) = 1. But x; ¢ W, hence V(p x1) = 1,
contrary to reductio hypothesis.
3.) Suppose that, for some SO.5 model (VW x; 3,
V((L(p = q) = (Lp = Lq)) x1) = 0. Then V(Lq x1) = 0; hence for
some x;e W, V(qxi)) =0; But V(Lpxi1) = 1, hence V(pxi) =1,
hence V((p = q)xi) = 0, hence V(L(p = q) x1) = 0, contrary to
reductio hypothesis.
4.) Uniform substitution for propositional variables is clearly
validity preserving.
5.) Modus Ponens is validity-preserving for, if o is true in every
SO.5 model and a = B is true in every SO.5 model, then for every
model <(VWzx15, V(axi))=1 and V({a = B)xi)) =1, hence
V(B x1) = 1 (in every model), hence B is valid.
Hence every theorem of SO.5 is valid.

To prove completeness we use a method analogous to the adap-
tation in [5] of the decision procedure of [6] for T.

Every SO.5 formula will have the form of a truth-function whose
constituents are :

a.) propositional variables
or b.) L followed by a wiff.

We call these latter L-constituents. We draw up the modal truth
table of o by assigning 1’s and 0’s to each constituent, as if they
were all propositional variables. Obviously every wf part of a will
have an assigned or calculated value in each row of the table. We
call rows for which a’s calculated value is 0, F-rows. To shew that a
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is a theorem it suffices to shew that each F-row is inconsistent;
1.e. that when we have the conjunction of all the members having 1
in the row and the negations of all the members having 0 we can
prove the negation of the whole conjunction. This can always be
done if one of the following conditions holds of each F-row (where
B, v are wf parts of o):
1: Some Lp has 1 while p has 0;
II: Some Ly, ..., Lys have 1 while LB has Owhere (y1. .... ya) = B
is a PC tautology (or substitution instance of one),
IIT: B has O where P is a substitution instance of a PC tautology.
If one of I-1II hold of every F-row then — go.5 a.
Suppose I holds. Then from LA1 we have (by PC) — ~(LB. ~B),
and so the whole conjunction is inconsistent.
For II we observe that if (1. ....ya) = B is a PC-tautology, then
by PCL —L((y1.....vn) @ PB), hence by LA2 —L(y1.....7Vn)
> LB. Now from p = (g> (p.q)) we may (by PCL and two
applications of LA2) prove Lp = (Lq > L(p . q)), and by successive
applications of this we have:

—(Ly1....Lys) © LB,hence — ~(Lyi.....Lya. ~LB),
and so the whole conjunction is inconsistent.
If IIT holds then by PCL — Lp and hence any conjunction contain-
ing ~L§ is inconsistent.

Suppose that for some F-row none of I-III hold. We define an
SO.5 model in which a is false. Take the first F-row for which none
of I-III hold and, for propositional variables, let V(px1) = 1 or 0
according as p has 1 or 0in the table.

Where Ly, ..., Lyn are all the L-constituents having 1 in the table
then, for each Lp; having 0 form, (Ly:.....Lyn) = LBi. Now
(Y1.....vn) = B1 is not a substitution instance of a PC tautology
(if it were condition II would obtain). This means that we can make
some PC assignment to the variables (where L-constituents are
regarded as variables) such that (y: . ... . )yn> Bi has 0. With each
such B; we associate a world x; and, for propositional variables and
L-constituents & of a, we let V(8 x;) = 1 or Oaccording as the PC
assignment to (y1 . ... . Ya) > Pi gives them 1 or 0. From this we have
that V(yixi) = 1, ..., V(yn X)) = 1 and V (B;i xi) = 0. (If there are
no Ly’s having 1 in the table, then V(P x;) still = 0 or condition
IIT would obtain). Let W be the set of x; and all x; associated with
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each B;. Clearly <V W x1 > can be extended to an SO.5 model.
Now for each yk(l < k < n), V(yx xi) = 1. Further V(yxx1) =1
(or condition I would obtain (3)). Hence for every x; ¢ W, V(yx x))
= 1, hence V(Lyx x1) = 1. And since V(Bi xi) = 0,then V(LBi x1)
= 0. Hence every L-constituent is true or false in the model accord-
ing as it has 1 or Oin the F-row of the table. Hence the whole row is
false in the model, i.e. « is false in the model, hence o is not valid.

Thus either a is an SO.5 theorem or it is false in some SO.5 model.

IL.e. SO.5 is complete. Further the method gives a decision procedure
for SO.5.

Victoria University of Wellington M. J. CRESSWELL
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(3) Strictly we should add here that this is an induction hypothesis, since
what we are shewing is that Ly has 1 or 0in x; according as it has it in the table
if y has 1 or 0 in x; according as it has it in the table.
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