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A RELATIONAL MODEL OF MOVEMENT
Philippe BALBIANI and Luis FARINAS DEL CERRO

Abstract

This paper presents a relational model of movement based on the no-
tion of mobile moving about with constant speed. Three basic relations
between mobiles are considered: (1) “Sometime or other, the mobiles x
and u meet up somewhere”, (2) “The position of the encounter between
x and u and the position of the encounter between y and v are equal”
and (3) “The moment of the encounter between x and u precedes the
moment of the encounter between y and v

1. Introduction

Considered as an axiomatic theory applied to the formalization of space,
geometry has enjoyed an uncommon destiny [4] [6]. As an axiomatic the-
ory applied to the formalization of time, the logic of time has experienced a
comparable fate [1] [6]. The reason for the success of the axiomatic method
within the context of the formalization of space and time certainly lies in
the fact that our perception of space and time inevitably leads us to think
out the relative positions of the objects that occupy space and the relative
moments of the events that fill time.

One cannot deny that the notions of position and moment suffice to de-
fine the movement of any mobile. It is nevertheless true that the relational
models of movement are scarce. The reason probably lies in the fact that
movement is more often considered as a function from time into space. The
most typical relational models of movement are the ones of Carnap [2] and
Robb [3] [5].

Carnap considers a relational structure (E,C,T) where E is a non-empty
set of slices of particles, C is the binary relation of coincidence between
these slices and T is the binary relation of local time order such that x C u
iff “The slices x and u are assigned to the same spacetime point” and x T u
iff “The spacetime points assigned to x and u occur in this temporal order”.
Carnap sets out to show that the relations C and T suffice to express not

only the topological structure of temporal order, but that of the spatial order
as well [2].
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Robb associates to the spacetime geometry of Minkowski a relational
structure of the form (P,<) where the elements of P are the spacetime points
of Minkowski and < is the binary relation of causal precedence between
these points such that x < u iff “The spacetime point u lies inside or on the
future light cone based at the spacetime point x”. Robb sets out to axioma-
tize the spacetime geometry of Minkowski and gives twenty-one postulates
having the spacetime point and the binary relation < as their only primitive
notions [3] [5].

Yet, the individuals of the relational models of Carnap and Robb are not
mobiles moving about through space and time but slices of particles or
spacetime points of Minkowski —which amounts to the same thing. For
Carnap and Robb, the notion of mobile —defined either as a maximal lin-
early ordered set of slices of particles or as a line of the spacetime geometry
of Minkowski— stems from the notions of space and time. Strictly speak-
ing, the relational models of Carnap and Robb do not tell us about move-
ment, they talk about space and time. Would it be possible for us to define a
relational model of movement having the mobile as its only primitive no-
tion?

To simplify this job, our mobiles will move about with constant speed.
Therefore, the binary relation “Sometime or other, the mobiles x and u meet
up somewhere” occurs immediately to us. Now, let us look at our mobiles
moving about with constant speed and let us suppose that each encounter
produces a spot and a flash. Consequently, we will be able of deciding
whether “The position of the encounter between x and « and the position of
the encounter between y and v are equal” or not. Similarly, we will be able
of deciding whether “The moment of the encounter between x and u pre-
cedes the moment of the encounter between y and v or not.

Whereas the choice of the relations between mobiles is arbitrary, we have
to interpret them realistically in a spacetime environment. That is the reason
for which this paper presents the spacetime frame —a relational model of
movement based on the notions of position, moment and spacetime line—
and the frame of mobiles —a relational model of movement based on the
notion of mobile.

The spacetime frame is a structure of the form §=(5,7,L,<T.in) where S
is a non-empty set of positions, T is a non-empty set of moments, L is a
non-empty set of spacetime lines, =7 is a binary relation on 7 such that {
=7/ iff “The moment i precedes the moment j” and in is a ternary relation
on S, T and L such that {A,i) in x iff “The spacetime point (A7) belongs to
the spacetime line x”. The set of the spacetime frames is considered as a
category which arrows are the homomorphisms between spacetime frames.

The frame of mobiles is a structure of the form M=(M,R,=g,<T) where
M is a non-empty set of mobiles, R is a binary relation on M such that x R u
iff “Sometime or other, the mobiles x and u meet up somewhere”, =g is a
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binary relation on G(R) —the graph of R— such that (x,u) =g (y,v) iff “The
position of the encounter between x and u and the position of the encounter
between y and v are equal” and <7 is a binary relation on G(R) such that
(x,u) <T (y,v) iff “The moment of the encounter between x and u precedes
the moment of the encounter between y and v”. The set of the frames of
mobiles is considered as a category which arrows are the homomorphisms
between frames of mobiles.

This paper is organized in the following way. Section 2 presents the
spacetime frame. Section 3 presents the frame of mobiles. Sections 4.1, 4.2
and 5 are devoted to the proof that the category of the frames of mobiles
and the category of the spacetime frames are isomorphic.

2. Spacetime frame

This section presents the spacetime frame. A spacetime frame is a structure
of the form S=(S.,7,L,=<T,in) where:

* § is a non-empty set of positions.

* T'is a non-empty set of moments.

* L is a non-empty set of spacetime lines.

* =7 is a binary relation on T —=1 is a binary relation of precedence
between the moments of T: i <7 j iff “The moment i precedes the
moment j”.

* in is a ternary relation on S, T and L —in is a binary relation of inci-
dence between the spacetime points of S X T and the spacetime lines
of L: (A,i) in x 1ff “The spacetime point (A,i) is incident with the
spacetime line x”

Let ong be the binary relation on S X T and L defined by (A,:) ongs x iff
there is u € L such that x #u, (A,i) in x and (A,i) in u. The relations =7 and
ong satisfy the following conditions:

* =ris reflexive, antisymmetrical, transitive and total.
* (§ X T,L,ong) is a geometry of incidence, that is to say:

— Forevery x € L, there is (A,i) € § X T such that (A)) ong x.

- Forevery (A,i),(Byj) €S X T, there is x € L such that (A,i) ong x
and (B,j) ong x.
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—  Forevery (A,i),(B,j) €S x T and for every x,y € L, if (A,i) ong
x, (B,j) ong x, (A,i) ons y and (B,j) ong y then either (A,i)=(B)
or X=y.

The set of the spacetime frames is considered as a category which arrows
are the homomorphisms between spacetime frames. More precisely, let S=
(5,T,L,=T,in) and S'=(S’,T",L’,=<T’,in’) be spacetime frames. An homo-
morphism from S into S’ is a mapping g from S, T and L into §°, T" and L’
such that:

» Forevery ij € T,i =Tjonly if g(i) =7’ g(j).
» Forevery A € S, for every i € T and for every x € L, (A,i) in x only
if (g(A),g(i)) in’ g(x).

An isomorphism from S into S’ is a bijective mapping g from S, T and L
into S’, 7° and L’ such that:

s Forevery ij € T, i =77 iff g(i) =1’ g(j).
» For every A € S, for every i € T and for every x € L, (A,i) in x iff
(8(A).g@) in’ g(x).

3. Frame of mobiles

This section presents the frame of mobiles. A frame of mobiles is a struc-
ture of the form M=(M,R,=g,<T) where:

* M is a non-empty set of mobiles.

* R is a binary relation on M —R is a binary relation of encounter be-
tween the mobiles of M: x R u iff “Sometime or other, the mobiles x
and u meet up somewhere".

e =g is a binary relation on G(R) —the graph of R— =g is a binary re-
lation of colocality between the encounters of G(R): (xu) =g (y,v) iff
“The position of the encounter between x and u and the position of
the encounter between y and v are equal”.

« <7is a binary relation on G(R) —=T is a binary relation of prece-
dence between the encounters of G(R): (x,u) <7 (y,v) iff “The mo-
ment of the encounter between x and u precedes the moment of the
encounter between y and v”.

Let =7 be the binary relation on G(R) defined by a =7 8 iff a <7 S and
=<T a. Let onpg be the binary relation on G(R)Lss X G(R) = and M defined
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by (=5(a),=T1(a)) onpg x iff there is u € M such that x R u and a =g (x,u)
=T a. The relations R, =g, <7 and on) satisfy the following conditions:

* R is serial, irreflexive and symmetrical.

* =g is reflexive, symmetrical, transitive and such that, for every (x,u)
€ G(R), (x,u) =5 (u,x).

* <7 is reflexive, transitive, total and such that, for every (x,u) €
G(R), (x,u) =T (u,x).

* For every x,u € M and for every (=5(a), =T(a)) € G(R)| X
G(R)‘ if x#u, (=5(a), "‘T(a)) onp x and (=g(a),=T(a)) onM u
then x fi‘ uand a =g§ (x,u) =

* (G(R) s X G(R) iEJr,M onM is a geometry of incidence, that is to
say:

— Forevery x € M, there is {(=5(a),=7(a)) € G(R)‘: X G(R)Iz ‘
such that (=g(a),=T7(a)) onp x. - -

~ Fot every( Sa),=7(a) (=5(b),=T7(B)) € G(R) x G(R)
there is x € M such that (=g(a),=7(a)) onpm x "and (= Sb’)
=7(B)) onp x.

—  Forevery (=s(a),=1(a))(=s(h),.=T(B)) € GR),_ X G(R)_
and for every x,y € M, if (=5(a),.=1(a)) onp x, (Egq(b), 7([35)
onp x, (=s(a),=T(@)) onpg y and (=g5(b),=T(B)) onpq y then ei-
ther (=g(a),=T(a))=(=5(b),=T(B)) or x=y.

The set of the frames of mobiles is considered as a category which arrows
are the homomorphisms between frames of mobiles. More precisely, let
M=(M.R,=5,<7) and M '=(M",R’, :5,-\7"') be frames of mobiles. An ho-
momorphism from M into M’ is a mapping f from M into M’ such that:

* Forevery x,u € M, x Ruonly if {x) R’ flu).

* For every (x,u),(y,v) € G(R), (x,u) =g (y,v) only if (Rx)fu)) =
().

* For every (x,u),(y,v) € G(R), (xu) <7 (y,v) only if (ix)flu)) <T’
F»)L.Av).

An isomorphism from M into M’ is a bijective mapping f from M into M’
such that:

» Forevery x,u €M, x R uiff ix) R’ flu).
* For every (x,u),(y,v) € G(R), (x,u) =g (y,v) iff (fx)flu)) =}
(L),
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* For every (x,u),(y,v) € ('(R) (x,u) <1 (v,v) iff (AAw) <T
W AV)).

4. Spacetime frames and frames of mobiles
4.1.  From spacetime frames into frames of mobiles

To every spacetime frame is associated a frame of mobiles in the following
way. Let $=(5,T,L,=<T,in) be a spacetime frame. Let &(S)=(M.R,=§,<T
where:

* M=L.

* For every x,u € M, x R u iff there is A € § and there is i € T such
that x #u, (A,i) in x {A,i) in u.

* For every (x,u),(y,v) € G(R), (x,u) =§ (y,v) iff there is A € § and
there is ij € T such that:

— {(Ad)inxand {A,}) inu.
- (Ajyinyand (A))inv.

* For every (x,u),(y,v) € G(R), (x,u) <T (y,v) iff there is A,B € § and
there is i,j € T such that:

- {(Ag)yinxand {A.i) in u.

— (By)inyand(Bj)inv.

- I=T]J.
Direct calculations would lead to the conclusion that:
Lemma 1. Let S be a spacetime frame. 4S) is a frame of mobiles.
To every homomorphism between spacetime frames is associated an homo-
morphism between frames of mobiles in the following way. Let S=
(S,T.L,=7.in) and §’=(5",T",L’,<7,in’) be spacetime frames. Let M=®(S)=
(M,R=g,<T) and M'=®(§")=(M", R’,=;,<T’). Let g be an homomorph-
ism from § into S’. Let @(g) be the mapping from M into M’ defined in the
following way:

* Forevery x € M, d(g)(x)=g(x).

Direct calculations would lead to the conclusion that:
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Lemma 2. Let S and S’ be spacetime frames. Let M=®(S) and M'=d(S").

Let g be an homomorphism from § into S'. D(g) is an homomorphism from
MintoM’.

Lemma 3. Let S, S’ and S’’ be spacetime frames. Let M=dXS), M'=d&S")
and M'’=®(S""). Let g be an homomorphism from S into S’. Let g’ be an
homomorphism from S’ into S”’. Mg g )=Wg) o P(g’).

Lemma 4. Let S be a spacetime frame. Let M=dXS). Nids)=idp.

Therefore:

Theorem 1. @ is a functor from the category of the spacetime frames into
the category of the frames of mobiles.

4.2 From frames of mobiles into spacetime frames

To every frame of mobiles is associated a spacetime frame in the following
way. Let M=(M,R,=g,=<T7) be a frame of mobiles. Let Z(M)=(S,T.L,=<T,in)
where:

. S=G(R)]= :

* T=G(R),_’ .

o =M. '

* Forevery =7(a),=7(B) E T, =7(a) =T =7(B) iff a <T B.

* For every =g(a) € §, for every =T(a) € T and for every x € L,
(=5(a),=1(a)) in x iff (=5(a),=T(a)) onp x.

Direct calculations would lead to the conclusion that:
Lemma 5. Let M be a frame of mobiles. 3(M) is a spacetime frame.

To every homomorphism between frames of mobiles is associated an ho-
momorphism between spacetime frames in the following way. Let M=
(M,R,=g,<T) and M'=(M’,R’, =, <T’) be frames of mobiles. Let S = (M)
=(S,T.L,=Tin)and §’ = 3(M’) =(S",T’,L ’,S},in "). Let f be an homomor-
phism from M into M’. Let 3(f) be the mapping from S, 7 and L into S’, T’
and L’ defined in the following way:

* Forevery =g(x,u) € S, JN(=5(x,u))==5(fx)fu)).
* For every =7(x,u) € T, Z(N(=7(x,u))==T"(fix) fu)).
* Forevery x € L, 3()(x)=f(x).
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Direct calculations would lead to the conclusion that:

Lemma 6. Let M and M’ be fram.és of mobiles. Let S=3(M) and S’=3(M").
Let f be an homomorphism from M into M'. X(f) is an homomorphism from
Sinto S’

Lemma 7. Let M, M’ and M” be frames of mobiles. Let S=3(M), S"=3(M")
and S”=3(M"). Let f be an homomorphism from M into M’. Let f’ be an
homomorphism from M’ into M”. 3(f < f)=3(f) o 3(f").

Lemma 8. Let M be a frame of mobiles. Let S=3(M). S(idm)zidg.

Consequently:

Theorem 2. 3 is a functor from the category of the frames of mobiles into
the category of the spacetime frames.

5. Isomorphism

This section is devoted to the proof that:

s For every spacetime frame S, 3(dXS)) and S are isomorphic.
» For every frame of mobiles M, P(3(M))=M.

Let $ = (S,T.L=T,in), M = ®(8) = M,R=5,<T) and §' = 3 (M) =
(8°,T".L",=T1',in"). For every (A,i) € S X T, there is x,u € L such that x #u,

(A.) in x and {(A,i) in u. Let g be the mapping from S, T and L into §', T"
and L’ defined in the following way:

* Forevery A € S, g(A)==§(x,u) where x #u, (A,i) in x and {A,i) in u.
* Forevery i € T, g(i)==7(x,u) where x #u, (A,i) in x and (A,i) in u.
* Forevery x € L, g(x)=x.

Direct calculations would lead to the conclusion that g is an isomorphism
from § into S’. Therefore:

Lemma 9. Let S be a spacetime frame. 3(d(S)) and S are isomorphic.
Moreover, direct calculations would lead to the conclusion that:

Lemma 10. Let M be a frame of mobiles. P(Z(M))=M.
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Therefore, the frame of mobiles provides a realistic answer to the issue of
the formalization of movement through a relational model having the mo-
bile as its only primitive notion:

Theorem 3. The category of the spacetime frames and the category of the
[frames of mobiles are isomorphic.

6. Conclusion

Mobiles moving about with constant speed are the primitive beings of our
relational model of movement. From the binary relation “Sometime or
other, the mobiles x and u meet up somewhere”, we were able to define the
spacetime through which the mobiles move. The formalization of move-
ment through a relational model having the mobile as its only primitive no-
tion could take the following new turns:

* Prove or disprove that the relations:

“The speeds of x and u are equal”.

—  “The trajectories of x and u are parallel”.

- “Atthe time of its encounter with u, x is collinear with y and z”.
—  “At the time of its encounter with i, x is between y and z”.

- “At the time of its encounter with u, x is closer to y than to z”.

are first-order definable.

* Consider a relational model of movement which primitive beings are
mobiles moving about with constant acceleration rather than constant
speed. In this case, the parabola is the geometrical counterpart of
mobiles.

* Work out a relational model of movement which primitive beings are
moving solids rather than moving points. In this case, “Sometime or
other, the mobiles x and # meet up somewhere” is true exactly when
“Sometime or other, the mobiles x and « overlaps somewhere”.

* Study the correspondence between first-order conditions on space-
time frames and first-order conditions on frames of mobiles. As an
illustrative example, the condition:

— Forevery x,y € L, if x #y then there is (A,i) € § X T such that
(A,i) ong x and (A,i) ong y.
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on spacetime frames corresponds to the condition:
— Foreveryxu €M, x Ruiff x #u.
on frames of mobiles.
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