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WEIGHT-REDUCTIONS FOR PARTICULAR
UNIFORM STRUCTURES

RoOLAND HINNION

ABSTRACT

This article studies possibilities of size-reduction for uniformities on first-order
structures, for structures of the particular type “Malitz-structure”.

1. Introduction

The kind of uniform structures that we will consider here are so-called “Mal-
itz-structures”, investigated namely in [1] [2]. For the reader familiar with
the general concept of “uniform space” (as defined in [3]), a Malitz-structure
corresponds simply to a first-order structure, which universe is also a uniform
space such that the uniformity admits a basis made of equivalence relations,
the proper functions of the structure are uniformly continuous and the induced
topology is totally separated but not discrete. In Section 2 we give an alterna-
tive (self-contained) presentation, technically much easier to handle.

Our main motivation concerns the possibility of getting countable struc-
tures (which is a current wish in Model Theory); but the involved technique
here gives also some insight about cases where the universe of the initial
structure is not necessarily countable; in [4], some possibilities of size-reduction
for the universe of the structure (the size of the uniformity staying unaltered)
were studied; here we discuss so to say the “converse problem”, i.e. possi-
bilities of weight-reduction for the uniformity (while the first-order structure
is not modied). The aim is to get a “reduced version” (of the initial structure)
that is still a Malitz-structure, with as much as possible control over its prop-
erties (compared to those of the initial structure). We always suppose in this
paper that the language of the first-order structure is at most countable.

2. Malitz-structures

As announced in Section 1 we give here a simplified presentation and recall
some notions and facts (for which the reader can find much more details in

(11 [2D.

doi: 10.2143/LEA.231.0.3141813. © 2015 by Peeters Publishers. All rights reserved.



348 ROLAND HINNION

A Malitz-structure is a couple (M, F), where M is a first-order struc-
ture (we suppose the language to be at most countable) and F is a set
of equivalence relations on the universe Uy, of M, such that the following
4 conditions are satisfied:

Cond 1: Fis directed for the order relation O (“reverse inclusion”)
Cond 2: =,, ¢ F (=M is the equality relation on Uy,)
Cond 3: Va,bc Uy (a#b= 3 ~& F-a~b

Cond 4: for each F}; (proper function of M):

Vee FA~eF VE yinUy:x ~' y = Fy () ~ Fy(y)
Of course does “Z”
“Yia; ~' b

The family F is called a “Malitz-family” on M, and F is a basis for a
uniformity that has all the desired properties described in Section 1.

Notice at once that Uy, and F are necessarily infinite sets. Notice also
that not any infinite first-order structure M admits necessarily a Malitz-
family (see [2], 5.2.1)!

The present study focalizes on those such M that do admit Malitz-fam-
ilies, where the uniformity-weight is greater than the size of he universe of
M; the aim being to find out whether one can realize equality (weight =
size). Our theorem (Section 5) specifies cases where it can be done, and
in particular guarantees that any countable first-order structure that admits
Malitz-families admits necessarily a countable one.

The following two parameters play several important roles w.r.t. Malitz-
structures:

stand for an n-tuple “z,, x,, ..., z,,” and “@ ~’ b” for

e the “characteristic” (or “additivity”) of the directed set (F, D):

07 := the strict supremum of the cardinals of the upperly bounded sub-
sets of (F, D)

e the “index” of F:
kr := the strict supremum of the cardinals |Uy;/~|, for ~& F

The Cauchy-completion of M w.r.t. the uniformity induced by the basis F
can be presented as the set (adequately quotiented, of course) of the F-nets
in Uy, (i.e. the objects of type (x.).cr with each z. € U,) that are
“uniform-Cauchy-nets” (i.e. satisfy the rule: V ~, ~'€ F: ~D~'= 2. ~
).

When two Malitz-families F;, F5 are involved, with 7|, C F,, one can
define a canonical map:

Mr, = Mg, : (z)ner, = (T)eer,

(where “M £ is the Cauchy-completion of M, corresponding to F).
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This map is always a uniformly continuous function and also a
morphism of first-order structures. Under some circumstances it is also
surjective (see [2] and Section 4).

The adequate notion of “compactness” in this context is the one of
d-cover-compactness, i.e. the property that any covering by open sets contains
a sub-covering of size < d. Further do we say that F is “compactifying”
when M £ is § z-cover-compact.

Notice that “ordinary” compactness is Nj-cover-compactness.

Some basic facts:

e 0 < Uyl
[ ] NO S 5_’F S K/_']-'
e when F is compactifying: = kr

3. Weight-reduction: the construction

The “weight” of a uniformity is classically defined as the minimum of the
sizes of its bases. Here, reducing that “weight” will correspond to the
construction of a Malitz-family ' on M, with 7' C F and the expectation
that |F’| is as low as possible (where F is the “initial” Malitz-family on
M). Notice that (of course) only the case |F| > |U),| is really of interest
here (while [4] was obviously concerned by the case |F| < |Uyl).

The construction:

1. Choose, for each pair {a, b} of distinct elements of U,,, one equivalence
~¢€ F, such that = a ~ b (see Cond 3, Section 2); call this equivalence
~{a, b}

2. Choose, for each couple (F};,~), where F}, is a proper function of the
first-order structure M and ~¢& F, one equivalence ~'c F, satisfying
Cond 4 (Section 2); call this equivalence ~' [ Fj,].

3. Choose, for each pair {~, ~,} C F one upper bound (in the sense of
(F,2)), and call that equivalence ~ [~, ~3]

4. Define: Fy = {~{q,1}| @, b € Uy and a # b}
5. Define (for k a natural number):
Frs1 = Fp U {~' [Fy] |~€ F), and Fy; is a proper function of M}
U {~ [~1, ~a] [~1, ~2€ Fi}
6. Consider F* := U {F} | k is a natural number}

An elementary verification shows that F7* is a Malitz-family on M.
Further do we (obviously) have:

| F*| < [Unl-
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So we have indeed a “weight-reduction” result; but with rather few control
over the parameters §* := 7~ and K* = K £x.

All that can be said here in general follows from the “basic facts” (Sec-
tion 2) and the fact that 7* C F (obvious convention: § := 0z and k = kx):

O < k*F < K.

This suffices however to get some more information in particular cases.

Example: if kz =N, then §* = k* = N,. Notice also (see [1] [2]) that then
F and F* are both “compactifying”.

In the next section we show how to get more control over the parameters,
but at the price of an extra hypothesis...

4. A variant of the construction

We construct now an increasing chain 7, indexed by ordinals this time.
Take F as in Section 3, and define F,, := g F3 for v a limit ordinal.
Further modify the step from F, to F,+; like this:

e choose, for each X € Ps(F,) (where Ps(A) is the set of the subsets
B C A such that | B| < §), one upper bound (called “~”) in the sense of
(F, 2).

e define:

For1 = Fy U{N’ [Fy] | ~€ F, and F); is a proper function of M}
U{~x | XEPs(F)}
e at last, define F* := Fj (with still 6 := §£!)

Again is F* a Malitz-family on M, and this time obviously J-directed (i.e.
any X C F*, such that | X| < 4, is upperly bounded in (F*, D)).

So (obviously): § < ¢* < k* < k, which gives us a better control over
the parameters.

But, in order to still control also the size of F*, we have to make an
extra hypothesis:

Ps(Unn)| < [Unl
Under that hypothesis we can prove by induction on « that
a<d=F| <|Uy
and in particular :

|74 < Ul

In the case where F is compactifying, we can get even more information
about F*, via the Theorem 7.2 in [2], which states that:
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If F, and F, are Malitz-families on M, such that 7, C F, and F, is
compactifying,
Then:
(i) 6, <9,
(i) if 9, = J,, then F is also compactifying
(iii) if 8, = 0,, then the canonical map: M. F = M F, 1s surjective

If we apply that here, we get: if F is compactifying, then § = 6* = x* = &,
JF* is also compactifying and the canonical map: Mz — M £+ is surjective.

5. Synthesis of the main result

Theorem. Any Malitz-family F on M admits some F* C F, such that |F*| <
\Uns| and F* is also a Malitz-family on M. Under the hypothesis |PsUyr| < |Uyl
one can take F* realizing also that § < §* < k* < K, in this last situation: if
F is compactifying, then so is F*, and the canonical map: My — Mz« is
surjective.

Corollary. Any countable first-order structure that admits Malitz-families
admits necessarily a countable Malitz-family.

Comment about the “extra-hypothesis™ (introduced in Section 4 and used in
our Theorem) : however that kind of condition is (of course!) not generally
satisfied, are there some propitious cases (among which of particular inter-
est w.r.t. our motivations); for example:

o the case where the cardinal of the universe of M is strongly inaccessible
(so in particular when M is countable);

e the case where the characteristic is countable (so again, a fortiori, when
M itself is countable).

Roland HINNION
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