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ARNOULD BAYART’S MODAL COMPLETENESS THEOREMS

Translated with an Introduction and Commentary

M. J. CRESSWELL

ABSTRACT

In 1958 Arnould Bayart, 1911-1998, produced a semantics for first and second-
order S5 modal logic, and in 1959 a completeness proof for first-order S5, and what
he calls a ‘quasi-completeness’ proof for second-order S5. The 1959 paper, is the
first completeness proof for modal predicate logic based on the Henkin construc-
tion of maximal consistent sets, and indeed may be the earliest application of the
Henkin method even to propositional modal logic. The semantics is in terms of
possible worlds, which, Bayart notes, can be anything at all. The present paper
provides an English translation of both these papers together with an historical
introduction and a logical commentary.
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1. Historical introduction’

Contemporary modal logic originated in 1912 with an article by C.I. Lewis
(Lewis 1912) in Mind, and was developed by him in other articles, and most
particularly in two books, Lewis (1918) and Lewis and Langford (1932).
But until the 1950s there was no adequate semantics for it which would
allow a definition of validity to be compared with the various axiomatic
systems. Axiomatic modal predicate logic appeared in Barcan (1946a),
Barcan (1946b) and Barcan (1947). The first attempt to provide a semantics
for modal predicate logic occurs in Carnap (1946) and Carnap (1947), but

I Much of the information on the state of logic in Belgium at the time Bayart was work-
ing has been obtained with the assistance of Jacques Riche, who is preparing an account of
the history of logic in Belgium. That work will provide an essential complement to the story
told here. I was able, with Riche’s assistance, to interview Paul Gochet and Hubert Hubien,
who supplied us with helpful information. Other help is acknowledged in the acknowledge-
ments section at the end of this article.

doi: 10.2143/LEA.229.0.3089909. © 2015 by Peeters Publishers. All rights reserved.
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it was not until 1958 and 1959 that the breakthrough came. In Bayart (1958)
we have a definition of validity for first and second-order S5, and in Bayart
(1959) and Kripke (1959) we have two quite different completeness proofs
for modal predicate S5. Kripke’s article in The Journal of Symbolic Logic
became widely known, and Kripke developed his semantics to include other
systems based on the relational semantics for propositional modal logic
developed by such authors as Meredith and Prior (1956), Hintikka (1957),
Kanger (1957) and others.?

Bayart’s work discusses only S5, and there is no evidence that he was
familiar with the relational semantics for other systems. There are however
a number of respects in which his work deserves acknowledgement.
What makes Bayart’s work significant is the fact that the later paper, (Bayart
1959), is the first completeness proof for modal predicate logic based on
the Henkin construction of maximal consistent sets (Henkin 1949), and indeed
may be the earliest application of the Henkin method even to propositional
modal logic.? Kripke’s paper proves the completeness of first-order S5 by
the method of Beth trees. Kripke hints in his paper at the extensions needed
for other systems, but does not cover them in the 1959 paper, and indeed
Kripke’s later completeness proofs, with the exception of his proof for first-
order intuitionistic logic with its connection to S4 (Kripke 1965), mainly
concerned propositional logic.*

Carnap’s work predates both Bayart’s and Kripke’s by more than a
decade, and like Bayart’s articles and like Kripke (1959), Carnap dealt only
with S5. But Carnap attempted to derive necessity from validity, and it is
at least controversial whether such a procedure can work. The important
insight, often credited to Kripke (1963a), is that if we think of the necessary
as that which is true in all possible worlds then it does not matter what the
worlds are. They can, as earlier theorists, including Kripke (1959), had

2 1 have restricted myself here to mentioning work which appeared before or at the same
time as Bayart’s work. In some cases, e.g., Montague (1960), authors have claimed that
the work published was available much earlier, so this article cannot be held to making
definitive historical claims about priority. I have been assured that the relevant issues of
Logique et Analyse did appear in 1958 and 1959. There is no indication of when these
articles were accepted for publication.

3 Certainly Kaplan (1966, p. 121f.) gives the impression that no Henkin completeness
proof has been produced for modal systems. Kaplan of course is thinking of systems with
a relational semantics, and hints at the construction which subsequently became known as
the canonical model construction. Kaplan claims that it is foreshadowed in Kanger (1957).
Presumably he is referring to the section on pp. 36-39, where Kanger defines a relation
which holds when everything that is necessary at one place is true at another, but this rela-
tion is defined semantically and not through maximal consistent sets, and is not really an
anticipation of a Henkin completeness proof. Pp. 13-15 of Hintikka (1957) could also be
seen with hindsight as suggesting a Henkin construction.

4 Kripke (1963b) does provide a semantics and an axiomatisation for modal predicate
logics, but the paper does not contain any completeness proofs.
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often supposed, be models or assignments or some such linguistic entity,
but they do not have to be. The opening sentence of Bayart (1958) states
that ‘it is not sufficient to define for example, the necessary as that which
is true in every model and the possible as that which is true in some model’,
and at the end of that article Bayart is adamant that necessity and validity
are quite distinct.> At the beginning of the 1958 article he explicitly
acknowledges that the idea he is trying to formalise is the Leibnizian view
of necessity as truth in all possible worlds, and of possibility as truth in
some world. He disavows any judgement on the worth of this metaphysics,
and simply assumes a set of worlds without saying what they are. Unlike
Kripke (1959), Bayart does not make use of a distinguished ‘actual’ world,
though, among the senses of ‘valid’ that he distinguishes, he does define the
validity of a formula in a world in terms of its truth at that world in relation
to all interpretations to its variables, which, for Bayart, include individual,
propositional and predicate variables. When it comes to proving completeness
Bayart is well aware of the limitations of the Henkin method in higher-order
logic, and well aware of the sense of validity (which he calls ‘quasi-validity”)
in which a Henkin proof is available.

Bayart lived from 1911-1998. The list of books in the bibliography to
Bayart (1958) gives some indication of what he was familiar with. There
was a strong tradition of modal logic in Belgium, notably in the work of
Robert Feys, and Bayart cites Feys (1950). (The system T in fact comes
from Feys (1937), and Feys (1965) shews a tradition familiar with modal
logic.) Bayart also lists Lewis’s two books, Barcan’s articles and Carnap’s
work. Although the article has a bibliography there are no citations in the
text, so, for instance it is not clear whether he had Carnap in mind when he
protested against trying to derive necessity from validity. He was also
familiar with the A notation from Church (1940). In Bayart (1959) there
is no bibliography, but there is a reference to Henkin in connection with
Bayart’s completeness proof, which he modestly describes as being ‘no
more than Henkin’s theorem adapted for S5°.°

It seems highly likely that Feys’s work in modal logic was a significant
influence on Bayart. The only work of Feys that Bayart cites is Feys (1950),

5 Bayart may have been influenced by Kemeny (1956), since Kemeny is critical of Car-
nap’s use of state descriptions (see Kemeny 1956, Part I, p. 2), and suggests a ‘new’ style
of semantics in which expressions are interpreted with reference to models which provide a
domain of individuals and functions built up from them. Unfortunately Bayart gives no
discussion of the articles listed in his bibliography.

6 Jacques Riche has told me that Henkin visited Brussels in 1955, and “had a copy of
his thesis which he gave to somebody”. Whoever that was is perhaps of less importance than
the fact that the importance of Henkin’s work would have been appreciated by the Belgian
logic community at that time, and given Feys’s interest in modal logic the idea of applying
the Henkin method to a modal predicate logic would have seemed natural.
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but in the editorial introduction to Feys (1965) the editor (Joseph Dopp)
says on page vi.
In the course of the years 1948 to 1953 (year wherein occurred the death of
McKinsey), Feys repeatedly reworked the part which had fallen to him,
«McKinsey acting as advisor». One of these editions was even mimeographed

and sent to several different colleagues, who referred to it at times in their
writings under the title: FEYS-MCKINSEY, Modal Logics 1.

Bayart does not refer to this ‘edition’ in either of the articles included here,
but it is difficult to believe that he was not familiar with the material. On
p. 152 of Feys (1965) there is a rather cryptic reference to a ‘lambda func-
tion A\aM’. Feys’s own notation is the circumflex, whereby Axa would be
written as Xa. In explaining his notation Feys says

When writing a propositional function under the form of an abstract, we
replace each lambda before the variable by a circumflex above the variable.

Feys appears to take the A-notation as requiring no explanation, and Bayart
treats it in the same way when he introduces his letter Z. Bayart’s axiomatic
basis for S5 is a version of Prior’s 1953 basis (see footnote 33) presented
in the style of a Gentzen sequent calculus. There is in Feys (1965) an
appendix added posthumously by Dopp, on pp. 173-185, in which an
account is given of various axiomatisations of modal logic in the style of
Gentzen (1935). (When I interviewed him shortly before his death Profes-
sor H. Hubien informed me that this way of doing logic was very popular
in Belgium at the time Bayart was writing.)

There are several reasons for the fact that Bayart’s work has not been
appreciated as well as it should be by historians of modal logic, at least in
the English speaking world. Some of the explanation is that histories of
modal logic have tended to ignore modal predicate logic, but there are other
factors. Bayart’s articles appeared in the first issue of the Belgian journal
Logique et Analyse, in contrast to the contemporaneous Kripke (1959)
which appeared in the US based Journal of Symbolic Logic.” Second, Bayart
does not seem to have persisted with his work on the semantics of modal
logic, although he did produce other work in logic, particularly in its appli-
cation to the philosophy of law. Third, Bayart’s notation and terminology,
although more common when he wrote, are less common today, and his
formal work makes for difficult reading. Fourth, and perhaps most important
in the development of modal logic in the international community of logi-
cians, it was published in French. The present article contains an English
translation, using more common notation, of Bayart’s two articles.

7 Although Kripke (1959) lists no institutional affiliation Kripke was subsequently at
Harvard and at Princeton.
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2. Remarks on the translation®

There is always a tension in translating a work like this. On the one hand
there is the demand to be faithful to the original, and on the other hand
there is the demand to make the translation as accessible to the audience as
possible. This is made more difficult in Bayart’s case by two features.

The first is that the work was published in 1958 and 1959, in the very
earliest days of the development of the semantic study of modal logic.
Indeed that is the principal reason for its importance, as I have explained
in the historical introduction. Because of this, some of Bayart’s terminology
may seem strange to modern readers. Thus for instance, Bayart uses the
term ‘proposition’, where we would now use the word ‘formula’, for the
linguistic item which expresses a proposition in a logical language. But he
uses the term ‘predicate’, not for a linguistic item, but for its value — par-
ticularly in the expression ‘n-place intensional predicate’. I have adopted the
word ‘formula’ — sometimes ‘well-formed formula’ or ‘wff” — for Bayart’s
‘proposition’, and I have used the phrase ‘n-place intensional relation’ for
Bayart’s ‘n-place predicate’. I have however retained Bayart’s ‘proposi-
tional variable’ and ‘predicate variable’, since these are still in common use.

The second feature which has caused problems in making a translation
accessible is that the original French text seems to have been set from a
ms which had no logic symbols or italicising or subscripting. It is not clear
how much Bayart’s choice of notation was determined by his typewriting
facilities. For instance his use of the Polish notation may be as much for
historical reasons — it is used for instance in Feys (1950), where you find
what seems to be the first published use of L as a necessity operator — as for
typographical reasons. I have adapted Bayart’s notation, first by adopting a
modified Russellian, rather than a Polish notation, except for retaining
Bayart’s L and M for necessity and possibility, and second by making extensive
use of Greek letters and of italicisation, subscripting and superscripting.
For those who wish to consult Bayart’s own terminology and notation we
have put onto a website both the original French version and a version of this
translation in which Bayart’s own notation and terminology are retained.’

Here are some of the specific changes found in the present version.
To a considerable extent I have expressed Bayart’s formal passages in the
notation of Hugues and Cresswell (1996). For Bayart’s N, K, A, C and E,
I have used ~, A, V, D and =. For Bayart’s Px and Sx I have used Vx and
dx. (Bayart takes all these as primitive, which leads to some repetitions in

8 In this section, and in the footnotes and commentary the personal pronouns ‘I’, ‘me’
and so on, refer to Cresswell.

° This may be found on the Logique et Analyse website under the names ‘Bayart1-MJC’
and ‘Bayart2-MJC”.
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his proofs, especially those by induction on the construction of wiff, but I
have not changed this.) For Bayart’s abstraction symbol Z I have used the
standard A. (Bayart himself points out that he is using Z in place of
‘lambda’.) As metavariables for wif (well-formed formulae) I have used «,
[ etc. For predicate variables I have followed Whitehead and Russell (1910)
and used ¢, 1, x, etc. | have followed Bayart in using ‘universe’ rather than
Kripke’s ‘model structure’ or Scott’s ‘frame’, but have referred to a domain
D of individuals and a set W of possible worlds. I have referred to the
members of W as w, w/, etc, rather than as M, M’ etc. In place of Bayart’s
‘value system S’ I have spoken of an interpretation V, and where Bayart
would say that ‘a proposition f is true for value system UMS’ I have fre-
quently written V(a,w) =T, it being understood that V is relative to D and
W. (Where both (D,W) and V are clear, [ have sometimes written simply
‘av 1s true in w’.) Otherwise the terminology in this translation is explained
explicitly in footnotes or made clear by the context.

In the 1958 article Bayart uses many short paragraphs separated by a line
space, and does not indent the first word. In the 1959 article new paragraphs
within a section begin on the next line with the first word indented. I have
used Bayart’s 1959 formatting throughout, but have kept his paragraph
breaks, so that a comparison between the translation here and the version
on the website or the original French should not be difficult.

Part of this translation was begun in the early 1960s when I was making
a survey of work then available in modal logic, in preparation for what
became Hughes and Cresswell 1968.!° This translation lay dormant until I
had the opportunity of a residential Fellowship with the Flemish Institute
for Advanced Studies of the Royal Flemish Academy of Belgium for Science
and the Arts in the latter part of 2010.

3. Bayart 1958!!

THE SOUNDNESS OF FIRST AND SECOND-ORDER S5 MODAL LOGIC
L. Semantic definitions

0. To formulate a semantic theory of modal logic it is not sufficient to
define for example, the necessary as that which is true in every model and

10° A generalisation of Bayart’s completeness proof to the system T appeared in Cresswell
(1967) and later in Hughes and Cresswell (1968). A more recent proof method for systems
with the Barcan Formula is found in Thomason (1970).

' Translation by M.J. Cresswell of ‘La correction de la logique modale du premier et
second ordre S5°, Logique et Analyse 1, 1958, pp. 28-44. In this version I have corrected
obvious typos. Some of these are indicated in the website version in square brackets [..].
I have changed Bayart’s notation in the present version as explained in the introduction or
commentary or in footnotes. (All footnotes are my comments on the translation.)
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the possible as that which is true in some model. These definitions would
do no more than introduce the notions of ‘necessary’ and ‘possible’ in the
metalanguage. A semantics of modal logic demands that we assume an
object language containing modal symbols and that we define under what
conditions to attribute the values ‘true’ or ‘false’ to the formulae of this
object language.

One can then very easily define the validity and satisfiability of formulae
in this language and shew the soundness of such and such a deductive sys-
tem, this soundness consisting in the fact that all derivable formulae in the
considered systems are valid.

It is a theory of this kind which we propose to develop in the present
article, inspired by the Leibnizian definition of necessity as truth in all pos-
sible worlds.

It is not, in our opinion, the task of the logician to examine the value of
this Leibnizian metaphysics. We can confine ourselves to shewing that if one
takes this metaphysics one can formulate for the modal logic S5 a semantical
theory analogous to the formal semantic theories of non-modal logic.

The modal semantic theory leads us to consider relations of a special
kind. These are relations whose extension varies in one world or another,
and we give them the name of ‘intensional relations’.

1. Letting D and W be two non-empty sets, not having any common ele-
ments, call D the ‘set of individuals’ and W the ‘set of worlds’. We say that
these sets D and W constitute a universe (D,W), For each natural
number n we mean by ‘n-place intensional relation’ a function of n+1 argu-
ments, taking the value T, ‘true’, or F, ‘false’, having a world as its first
argument and for n = 0, having n individuals as its last n arguments.

Letting a and b be the cardinal numbers of D and W, for any natural
number n there are ¢ = 27" n-place intensional relations.

2. We assume a language L. For the moment we confine ourselves to con-
sidering a language without axioms or rules of deduction. This language
contains a denumerable infinity of individual variables, and for each natural
number n, a denumerable infinity of n-place predicate variables. It does not
contain constants for individuals or predicates.

In the following exposition the different types of variables will be desig-
nated by small letters which play the role of syntactical variables. Certain
Greek letters can also designate other expressions than variables. We indicate
each time in the context what sort of expressions are designated by the
syntactical variables. These syntactical variables may be followed by num-
bers, and we write e.g., Xy, X, Xa,...,X,.

We shall adopt the following notation. The language £ contains the
symbols ~, A, V, D, and = for negation, conjunction, disjunction, implica-
tion and equivalence, the symbols V and 3 for the universal and existential
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quantifiers, and the symbols L and M for necessity and possibility. We
introduce these symbols not only in the object language but also in the
metalanguage, where they are combined with syntactical variables to form
complex syntactical expressions.

Formation rules are as follows:

A 0O-place predicate variable is a wif (well-formed formula).

An n-place predicate variable followed by n individual variables is a wtf.
If o is a wif ~a is a wif.

If o and 3 are wif then (o A f) is a wif.

If o and § are wif then (« V J) is a wif.

If o and 3 are wff then (o D () is a wft.

If a and 3 are wff then (o = (3) is a wff.

If o is a wif and x is a variable then Vx« is a wff.!?

Sl I A ol S

e

If v is a wif and x is a variable then dx« is a wif.
10. If a is a wff Lo is a wit.

11. If o is a wif M« 1s a wit.

12. There are no other wif.

We have thus a pure modal second-order language.

3. Let (D,W) be a universe composed of the set D of individuals and W of
worlds. We agree that the variables for individuals of the language £ can
take as values individuals of the set D and that for each natural number n
the variables for n-place predicates take as values n-place intensional rela-
tions defined on the universe (D,W).

We take a universe (D,W), a world w of this universe and an interpreta-
tion V relative to this universe. We then define the notions ‘true for universe
(D,W), the world w and the interpretation V’, and “false for universe (D,W),
the world w and the interpretation V’.!* Let o be a wff of language L.

If o is a variable p for 0-place predicates, then if w is the 0-place inten-
sional relation given by V as the value of p, V(a,w) = w(w).

If a is x,...x,, where ¢ is an n-place predicate variable (n = 0) and
where x,,...,x, are individual variables if w, a,...,a, are respectively the

12 Where, as here, variables of all kinds are intended, individual variables, propositional
variables and predicate variables, I have followed Bayart in using a single letter (I have used
x where Bayart uses v.) But where it is clear that a propositional variable is intended I have
used p, and where it is understood that a predicate variable is intended I have used ¢.

13 T am using V(a,w)=T as an abbreviation for Bayart’s ‘« is true according to w
and V’, and V(«,w)=F as an abbreviation for Bayart’s ‘o is false according to w and V’.
Bayart spells it out each time.
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n-place intensional relation and the individuals given as values of o,
X5 Xy, V(,w)=ww,ay,....a,).

If « has the form ~(, where 3 is a wif, V(a,w)=T if V(8,w)=F, and
V(a,w)=F if V(G,w)=T.

If « has the form GA~, where § and v are wff, V(a,w)=T if
V(B,w)=V(y,w)=T, and V(c,w) =F otherwise.

If o has the form 3V v, where § and ~y are wft, V(a,w) =T it V(G,w) =T
or if V(v,w)=T, and V(«a,w)=F otherwise.

If a has the form § D «, where 3 and ~y are wif, V(a,w) =T if V(3,w)=F
or if V(v,w)=T, and V(«a,w)=F otherwise.

If « has the form g=-, where § and v are wff, V(a,w)=T if
V(B,w)=V(v,w), and V(a,w)=F otherwise.

If « has the form Vx/3, where 3 is a wif and x a variable for individuals
or predicates, V(c,w)=T if, for each interpretation V' relative to (D,W)
which gives to all the variables other than x the same values as V,
V/'(8,w)=T. Otherwise V(a,w)=F.

If o has the form dx(, where 3 is a wff and x a variable for individuals
or predicates, V(c,w) =T if there is an interpretation V' relative to (D,W)
which gives to all the variables other than x the same values as V, and
V/'(6,w)=T. Otherwise V(a,w)=F.

If « has the form L3, where 3 is a wff, V(a,w) =T if for every world
w’ of the universe (D,W), V(G,w') =T. Otherwise V(a,w)=F.

If « has the form MG, where [ is a wif, V(a, w) =T if there is a world w’
of the universe (D,W) such that V(3,w’) =T, and otherwise V(c,w)=F.

4. We take a universe (D,W) and a world w of this universe. We define for
formulae of the language £ the notions of ‘valid in ((D,W),w)’ and ‘satisfi-
able in ((D,W),w)’. Let a be a wff of L.

The wft o will be valid in ((D,W),w) if and only if, for each interpreta-
tion V relative to (D,W), V(a,w)=T.

The wif o will be satisfiable in ((D,W),w) iff there is an interpretation
V relative to (D,W) such that V(a,w)=T.

The wif o will be valid in (D,W) iff it is valid in every ((D,W),w) (for
every world w).

The wff o will be satisfiable in (D,W) iff there is some world w such
that « is satisfiable in ((D,W),w).

We define for the language £ the notions ‘valid’ and ‘satisfiable’.

The wif o will be valid iff it is valid in all universes.

The wiff o will be satisfiable iff it is satisfiable in some universe.

We transform the language £ into a system of deduction D¢ by giving
axioms and rules of deduction. Dy will be sound if one can only prove
valid formulae. Dy will be complete if one can prove any valid formula of
the language L.
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II. Auxiliary language

5. From the expressions of the language £ we form an auxiliary language
L' by introducing the symbol A.

The expressions of £’ will play a syntactical role and so appear in the
metalanguage. They designate certain expressions of £ which will be called
the resultants of corresponding expressions of £’.

In the exposition which follows we continue to use small letters to indi-
cate syntactical variables and combine them with the logical constants ~,
A, V, D, =,V, 3, L, M and the operator A\ to form complex syntactical
expressions.

The symbol A followed by a finite number n (n==0) of individual vari-
ables is an n-place individual abstractor.

The symbol A followed by a 0-place predicate variable is a propositional
abstractor.

The symbol A followed by an n-place predicate variable (n==0) is an
n-place predicate abstractor.

An n-place individual abstractor followed by a wiff is an n-place indi-
vidual abstract.'*

A propositional abstractor followed by a wff is a propositional abstract.

A predicate abstractor followed by a wff is a predicate abstract.

An n-place individual abstract followed by n individual variables (not
necessarily distinct) is a primary, simple, paraformula.'s

The expression obtained by substituting, in any way whatever in a wff,
n-adic individual abstracts for n-adic predicate variables is a primary com-
plex paraformula.

One sees that in a complex primary paraformula the individual abstracts
of ny, n;, n,,... variables for individuals are followed respectively by the
n,, n,, n,, ... variables for individuals which follow the variables for predi-
cates of ny, n,, n,,... places in the original wff. These individual abstracts
will thus form, with variables for individuals, simple primary paraformulae.

A propositional abstract followed by a wif is a propositional secondary
paraformula. A predicate abstract where the abstractor is an n-place predicate
variable (n=0) followed by an n-place individual abstract is a predicate
secondary paraformula.

(Note: In the exposition which follows we introduce parentheses into
expressions of the auxiliary language for ease of reading.)

14 Bayart calls an n-place individual abstract a ‘parapredicate’. He adds ‘or an n-place
individual abstract.’

15 1 have used ‘paraformula’ for Bayart’s ‘paraproposition’ in line with my use of ‘for-
mula’ or ‘wff” for Bayart’s ‘proposition’. A paraformula is an expression of £’ which is not
a wff of £, though its resultant is. I explain what is going on here in more detail in the
commentary.
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6. In an abstract the free variables are the variables which occur free in the
formula which follows the abstractor, other than the variables in the abstrac-
tor.

In an abstract the bound variables are the variables of the abstractor, the
bound variables which follow the abstractor and the free variables of this
formula which occur also in the abstractor. One says of these last variables
that they are bound by the abstractor. In particular in an individual abstract
Ax;...x,(a), where « is a wft, if the variable x; (i=1,2,...,n) appears free
in « it is said to be bound by the i-th variable of the abstractor.

The resultant of a simple primary paraformula Ax,...x,(a)y,..., is the
wit o’ which is obtained by simultaneously substituting in the wff « indi-
vidual variables y,,...,y, for the individual variables x,,...,x, wherever
they occur free in a.

Substitution is simultaneous if at each place in « where a variable occurs
bound by the abstractor one makes one and only one substitution.'

The resultant of a complex primary paraformula is a wftf o/ which one
obtains by replacing in « each simple primary paraformula by its resultant.

The resultant of a propositional paraformula A p(«)g3 is the wif o/ which
is obtained by substituting in the wff « the wif § for the propositional vari-
able p wherever it occurs free in a.

The intermediate resultant of a predicate paraformula Ap(«)f, where 0
is an individual abstract of the same number of places as the variable ¢, is
the complex primary paraformula obtained by substituting in the wif « the
individual abstract 6 for the variable ¢ wherever the latter occurs free in a.!”

The final resultant, or more briefly the resultant, of a predicate paraformula
is the resultant of the intermediate resultant.

7. A simple primary paraformula Ax,...x,(a)y; ...y, is well-formed if for
every i (i=1,2,...,n) the variable x; does not occur free in « in the scope of
a quantifier Vy, or Jy,. A complex primary paraformula is well-formed if
all its simple primary paraformulae are well-formed.

A propositional paraformula Ap(a)3 is well-formed if the variable p
does not occur free in o within the scope of a quantifier Vx or Jx where x
is any variable which occurs free in 3.

A predicate paraformula A\p(«)f is well-formed if

1. The variable ¢ does not occur free in « in the scope of a quantifier
Vx or dx where x is any variable which occurs free in the individual
abstract 0

16 1 take it that by ‘simultaneous’ Bayart means ‘uniform’ in the sense that the same
variable must be replaced on each occurrence by the same expression.

17 T have used 6 as a metavariable for an individual abstract, or on occasions for a
predicate or propositional abstract.
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and if also

2. The intermediate resultant of Ap(«)f is well-formed.

IIl. Semantic properties of paraformulae

8. Definition. We give a recursive definition of the notion ‘modalised wff”.!8

1. Formulae of the form Lo and M« are modalised.

2. If « 1s a modalised wff then ~« 1s a modalised wff.

3. If o and 3 are modalised wff then o« A 3, aV 3, « D fand o« =
are modalised wff.

4. If « 1s a modalised wff and if x is a variable then Vxo and Jxa are
modalised wff.

5. There are no other modalised wff than those defined by rules 1-4.

9. Definition. The value of an individual abstract A\x;...x,(«) for a uni-
verse (D,W) and an interpretation V relative to (D,W) is the n-place inten-
sional relation which, for every world w and any series of individuals
a,...,a,, takes the value T or F according as V' (a,w) =T or F, where V' is
an interpretation which assigns individuals ay,...,a, as values to the indi-
vidual variables x;,...,x, respectively and which gives to all other variables
the same values as V.

10. Theorem I: Consider a universe (D,W), two worlds w and w’ of W and
any interpretation V relative to (D,W). If « is a modalised wff then
V(a,w)=V(a,w).

Proof by induction on the definition of modalised wff.

11. Theorem II. Let o be a wff containing only x,...,x, as free variables.
Consider any universe (D,W), a world w of W and two interpretations V
and V' relative to (D,W) which do not differ in the values assigned to
Xi,---»X,. Then V(a,w)=V/(a,w). In particular if « is a closed wif (i.e.,
does not contain free variables) then for any two interpretations V and V’
relative to (D,W), V(a)(w)=V/(a)(w).

Proof by induction on the construction of «.

12. Theorem III: Let 0 be an individual abstract Ax,...x, («) which contains
only the variables y,,...,y, free. Take any universe (D,W), any world w of
W and any two interpretations V and V' relative to (D,W) which do not differ
in the values given to the variables y,,...,y,. Then V(0)=V'(#). In par-
ticular if 0 is a closed abstract (i.e., does not contain free variables) then for
any two interpretations V and V' relative to (D,W), V(0) = V/(0).

18 T have translated Bayart’s «proposition couverte» here not as ‘closed formula’ but as
‘modalised formula’, since this is in accordance with standard usage in modal logic. Strictly
speaking it should probably be ‘completely modalised formula’.
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In the proof we rely on the definition of an individual abstract and on the
result of theorem II.

13. Theorem IV: For any universe (D,W), and world w of W and any
interpretation V relative to (D,W), if Ax;...x,(«)y;...y, is a well-formed
simple primary paraformula and o’ is the resultant of this formula then
V(a/,w)=V"'(a,w), where V' is an interpretation which gives to the indi-
vidual variables x,...,x, the individuals «,...,a, respectively, being the
same individuals as assigned by V to the variables y,,...,y, respectively,
and which gives all other variables the same values as V does.
Proof by induction on the construction of a.

14. Theorem V: For any universe (D,W), any world w of W, and any inter-
pretation V relative to (D,W), if Ax;...x, (), ...y, is a well-formed simple
primary paraformula, and if w is the n-place intensional relation which is
the value given by V to the individual abstract Ax,...x,(«), the value
V(a/,w) of the resultant o’ of this paraformula will be w (w, q,,...,a,) where
a,...,a, are the values given by V to the variables y,,..., y,.

The proof relies on the definition of an individual abstract and the result
of theorem IV.

15. Theorem VI. For any universe (D,W), any world w of W, and any
interpretation V relative to (D,W), if Ap(«)3 is a well-formed propositional
paraformula and o/ is its resultant then V(a/,w) = V/(«, w), where V' is the
interpretation such that V/(p)(w)=(8,w), and which gives all the other
variables the same value as V.

Proof by induction on the construction of c.

16. Theorem VII: For any universe (D,W), any world w of W, and any
interpretation V relative to (D,W), if Ap(a)0 is a well-formed predicate
paraformula where ¢ is an n-place predicate variable and 6 is an n-place
individual abstract, and o’ is the final resultant of this paraformula, then
V(a/,w)=V'(a,w), where V' is the interpretation which assigns to the
variable ¢ the value which the individual abstract 6 takes for V, and which
gives all the other variables the same values as V.
Proof by induction on the construction of «.

IV. Soundness of the second-order S5

17. We formulate the system S5 by means of Gentzen sequents. A sequent
comprises: first a finite series,'” possibly empty, of formulae of the lan-
guage L, which is called the ‘antecedent’; second the symbol -, and third

19 T have retained Bayart’s word «series» here, though perhaps ‘sequence’ would be more
appropriate, and I have used ‘sequence’ in the commentary. [ have translated Bayart’s word
«séquence» in the context of Gentzen systems as ‘sequent’.
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a finite series, possibly empty, of formulae of the language £, called the
‘consequent’.?”

The system S5 comprises an axiom schema and twenty eight rules of
deduction divided into four groups: structural rules, propositional rules, quan-
tificational rules and modal rules. The rules permit the passage from one or
two sequents called premises to another sequent called the conclusion.

To formulate the axiom schema and the rules of deduction we use a
metalanguage containing, among other things, the expressions which we
used in formulating the theory of paraformulae. We will also include the
symbol |- in the metalanguage.

In particular, in the present section IV, the letters o and ( will designate
formulae and the letters ®, &’ and A, A’ will designate series of formulae.
In an expression of the form Vxa or Jxc, the letter x designates an indi-
vidual variable, a propositional variable or a variable for an n-place predicate,
(n > 0). In an expression of the form Ax(«)@ the letter  designates an
individual variable, a wff or an n-place individual abstract, according as x
is an individual variable, a propositional variable or an n-place predicate
variable. An expression of the form Ax(a)6é designates a paraformula, but
it is understood that it is not the paraformulae but the resultants of the
paraformulae which figure in deductions.

In the antecedent and consequent, expressions designating formulae or
series of formulae are separated by commas.

18. We define the notions ‘true’ and ‘false’ for Gentzen sequents relative
to a universe (D,W), a world w and an interpretation V.

A sequent ® - A is true in w if ® contains a wff false in w or if A con-
tains a wff true in w. Otherwise the sequent ® - A is false in w.

Following from this definition we can, as we have done in paragraph 4 for
wif, define for sequents the notions ‘valid for (D,W),w)’, ‘valid for (D,W)’,
‘valid’, ‘satisfiable for ((D,W),w)’, ‘satisfiable for (D,W)’, ‘satisfiable’.

We shew that the system S5 is sound in the sense that all deductions are
valid sequents. We shew, in particular, that the axioms are valid, and that
the rules of deduction are such that, if the premises are valid, the conclusion
is valid. It is convenient here to recall that ‘valid’ is synonymous with ‘true
for every universe (D,W), every world w of this universe, and every inter-
pretation V relative to this universe’.

20 1 have translated Bayart’s «conséquent» as ‘consequent’, although the term ‘succe-
dent’ is sometimes used for Gentzen’s ‘Sukzedens’. ‘Succedent’ is used in Kanger (1957),
and in Szabo’s English translation of Gentzen’s papers. Feys and Ladriére (1955) also uses
‘conséquent’. I have used - rather than Gentzen’s — because the latter is easily confused
with a propositional operator. Both ‘consequent’ and |- are used in Dopp’s appendix to (Feys
1965).
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We shew the soundness of the axiom (or, what comes to the same thing,
the axiom schema) and the rules of deduction as we present them.

19. The axiomatic schema (which we label ‘Ax’) is the following

atbo

The axioms which are instances of this schema are obviously valid. If «
designates a true formula, A contains a true formula and if « designates a
false formula then ® contains a false formula.?!

There are seven structural rules; to be precise, addition, permutation and
contraction in the antecedent (designated, respectively, by ‘ADI, ‘PEI’, and
‘COI’), addition, permutation and contraction in the consequent (desig-
nated, respectively, by ‘IAD, ‘IPE’, and ‘ICO’) and cut (designated by

‘Cut’).
The rules are as follows:
dFA DA
AD] ———— —IAD
Oé,@FA @l_A,Oé
/ !/
PEL D,0,6,P'FA O Ao, 0,A IPE
D,60,0,P'FA OFA, B, a, A
cor &£%:2FA PFA a1
a,OFA PHA
DA« a, A
Cut
dFA

The soundness of the rules with one premise is obvious. The proof of the
soundness of Cut is as follows. Assume a universe (D,W), a world w in this
universe, and an interpretation V in this universe. By hypothesis the two
premises are true in w. So ¢ will contain a formula false in w or A will
contain a formula true in w, for otherwise o would have to be true for the
first premise to be true, and o would have to be false for the second premise
to be true. It follows that the conclusion is true in w.

20. There are ten propositional rules; to be precise, the introduction of ~,
A, V, D and = in the antecedent (designated respectively by ‘~1I°, ‘AI’, ‘DI’
and ‘=0, and the introduction of ~, A, V, D and = in the consequent (des-
ignated respectively by ‘I~’, ‘IA’, ‘ID’ and ‘I=").

21 In this case ® and A are both simply «.
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The rules are as follows:

A« a, A
~a,®FA PFA,~a
Iaﬁ,@kA PHA,a <I>|—A,ﬂ1/\
aNG,OFA OHEA,aNG
\/Ioz,tb}—A G, PFA OEA 0,8 Iy
aVvpg,eFA OPEA,aV i
DI(I)l_A’a 6, PFA a,PHA,B o
adDfB,PFA PHA,aD S
:I@}—A,a,ﬁ a8, A a, A, G B,@I—A,QI:
N a=3,0FA PHA,a=p N

We prove the soundness of =I and I=.

For =I: Consider a universe (D,W), a world w and an interpretation V
relative to this universe. If ® contains a formula false in w, or if A contains
a formula true in w the conclusion is true in w. If & does not contain a
formula false in w and if A does not contain a formula true in w, then, since
by hypothesis the first premise is true in w, it is necessary that one of the
formulae « or § is true in w, and, since by hypothesis the second premise
is true in w, it is necessary that one of the formulae o or 3 is false in w.
If one of the two formulae « and (3 is true and the other is false, o« = 3 will
be false in w, and so the conclusion will be true in w.

For I=: Consider a universe (D,W), a world w and an interpretation V
relative to this universe. If ® contains a formula false in w, or if AA contains
a formula true in w, the conclusion is true in w. If ® does not contain a
formula false in w or if A does not contain a formula true in w, two cases
are possible: If « is true in w then, since by hypothesis the first premise is
true in w, it is necessary that § will be true in w. If « is false in w then,
since by hypothesis the second premise is true in w, it is necessary that 3
is false in w; if @ and (3 are true in w or if a and (3 are false in w, a« = ( is
true in w, and so the conclusion will be true in w.

21. There are four rules of quantification; to be precise the introduction of
V and 7 in the antecedent (designated, respectively, by ‘VI’, ‘dI’) and the
introduction of V and 3 in the consequent (designated, respectively, by ‘IV’,
‘13).
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The rules are as follows:

Vi Ax() 6, DA PFA,
Vxa, ® FA DA, Vxa
a,PFA OEA, Ax()6 e
dxa, ®FA PHA, dxa

Restriction (1): In the rules VI and 19, Ax(«)# must be a well-formed
paraformula.

Restriction (2): In the rules IV and JI the variable x cannot occur free in
the formulae of ® or of A.

We prove the soundness of VI and of 1V.

For VI: Consider a universe (D,W), a world w and an interpretation V
relative to this universe. If ® contains a formula false in w, or if A contains
a formula true in w the conclusion is true in w. If ® does not contain a
formula false in w and if A does not contain a formula true in w, then, since
by hypothesis the first premise is true in w, Ax(«)6f will be false in w.
It follows by virtue of theorems IV, VI or VII that there is an interpretation
V', which gives the value to x that V gives to 6, and which gives all other
variables the same value that V gives, and is such that « is false in w’.
There is thus an interpretation V’, which is no different from V except for
the value given to x, and is such that « is false in w’. So Vxa is false in w,
and so the conclusion will be true in w.

For 1V: Consider a universe (D,W), a world w and an interpretation V
relative to this universe. If ® contains a formula false in w, or if A contains
a formula true in w the conclusion is true in w. If & does not contain a
formula false in w and if A does not contain a formula true in w, since the
formulae in ® and in A do not contain free x, it follows, in virtue of theo-
rem II that, for every interpretation V/ which gives to all variables except
x the same values as V, ® will not contain formulae which are false in w
with respect to V’, and that A will not contain formulae which are true in
w with respect to V’. So, by hypothesis, for all these interpretations V’, the
premises are true in w’. Thus, for all these interpretations V/(c,w)=T.
Thus V(Vxa,w) =T, and so the conclusion will be true in w.

22 In VI x indicates a variable of any type, individual, propositional or predicate, and 0
indicates that the argument of Ax(«) can be a complex abstract of £’ of the same type as x.
Of course (the resultant of) 6 can also be another variable, as it always is when x is an
individual variable. (Recall that Bayart is explicit that it is the resultants of the £ expres-
sions which are the wff of £ which are involved in these rules.)
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22. There are four modal rules; to be precise the introduction of L and M

in the antecedent (designated, respectively, by ‘LI, ‘MI”) and the introduc-

tion of L and M in the consequent (designated, respectively, by ‘IL’, ‘IM”).
The rules are as follows:

DA« a,PFA
Lo, ®FA A, La
a,bFA PHEA
Mo, oA OHFA M«

Restriction (3): In the rules IL and MI the formulae of ® and A must be
fully modalised.

We prove the soundness of LI and of IL

For LI: Consider a universe (D,W), a world w and an interpretation V
relative to this universe. If ® contains a formula false in w, or if A contains
a formula true in w the conclusion is true in w. If ® does not contain a
formula false in w and if A does not contain a formula true in w, then, since
by hypothesis the first premise is true in w, it is necessary that o will be
false in w. So L« is false in w and the conclusion will be true in w.

For IL: Consider a universe (D,W), a world w and an interpretation V
relative to this universe. If ® contains a formula false in w, or if A contains
a formula true in w the conclusion is true in w. If & does not contain a
formula false in w and if A does not contain a formula true in w, since the
formulae in ® and in A are fully modalised, it follows, in virtue of theorem I
that, for every world w’, ® will not contain formulae which are false in w’,
and that A will not contains formulae which are true in w’. Now, by hypoth-
esis, for all worlds w’, the premises are true in w’. Thus, for all worlds w’,
«a will be true in w’. Thus L« is true in w, and so the conclusion will be true
in w.

V. First-order logic

23. From the preceding one can easily extract the theory of first-order
modal logic.

First-order modal logic contains a denumerable infinity of individual
variables, and, for each natural number n, a denumerable infinity of variables
for n-place predicates.

The formation rules are the same as for second-order logic, except that,
in expressions of the form Vxa or Ixa, x must be an individual variable.
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24. The semantic definitions are the same as for second-order modal logic.

25. In first-order modal logic we need only consider abstractors containing
just an individual variable, and so simple primary paraformulae of the form
Ax(a)y, where x is an individual variable.

26. We only need theorems I, I and IV. In the last theorem we only need to
consider paraformulae formed by abstractors containing a single individual
variable.

27. The deduction rules are the same as in second-order logic but the scope
of the quantification rules is automatically reduced, when we note that, in
expressions of the form Vxa, Jxa and Ax(«)y, x designates an individual
variable, and excludes predicate variables.

The soundness of first-order modal logic can be proved in the same way
as in second-order modal logic.

VI. Necessity and validity

28. One might perhaps combine the notions of necessity and validity. One
might then formulate the following semantic theory:

Instead of providing a universe consisting of a domain and a set of
individuals one might simply give a domain D, i.e., a set of individuals.
One then gives a set of extensional relations. For each natural number n,
an extensional relation is a function of n arguments, these arguments being
individuals, and able to take the values T or F.

Individual variables can take individuals as values, and n-place predicate
variables can take n-place extensional relations as values. Propositional
variables can take T or F as values.

29. Assume a domain D and an interpretation V.

A propositional variable p is true or false in (D,V) according as V(p) =T
or F.

A wff of the form ¢x; ... x,, where ¢ is an n-place predicate variable and
X1, ..., X, are individual variables, will be true in (D,V) if, where V() is the
extensional relation w and the individuals ay, ...,a, are the values given in
this order to x,,...,x, respectively, w(ay,...,a,) = T; and @x;...x, will be
false in (D,V) if w(ay,...,a,) = F.

A wff of the form ~q is true in (D,V) if « is false in (D,V), and other-
wise false in (D,V).

A wff of the form o A (3 is true in (D,V) if a and (3 are true in (D,V),
and otherwise false in (D,V).

A wif of the form « VV G is true in (D,V) if «v is true in (D,V) or (s true
in (D,V), and otherwise false in (D,V).
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A wif of the form a D (3 is true in (D,V) if « is false in (D,V) or [ is
true in (D,V), and otherwise false in (D,V).

A wff of the form o = § is true in (D,V) if o and [ are both true in
(D,V) or if o and 3 are both false in (D,V), and otherwise false in (D,V).

A wff of the form Vxa is true in (D,V) if for every interpretation V’,
which gives all variables except x the same values as V does, « is true in
(D,V’), and otherwise it is false in (D,V).

A wif of the form Jxa is true in (D,V) if there is an interpretation V’,
which gives all variables except x the same values as V does, and « is true
in (D,V’), and otherwise it is false in (D,V).

A wiff of the form Lo is true in (D,V) if for every interpretation V/, «v is
true in (D,V’), and otherwise it is false in (D,V).

A wff of the form Ma is true in (D,V) if there is an interpretation V’,
such that « is true in (D,V’), and otherwise it is false in (D,V).

30. A wif is valid in D if, for every interpretation V it is true in (D,V).

A wff is satisfiable in D if, there is an interpretation V such that it is true
in (D,V).

A wiff is valid if it is valid in every domain D.

A wff is satisfiable if, there is a domain D such that it is satisfiable in D.

We can turn our language £ into a deductive system by giving axioms
and deduction rules.

The deductive system is sound if one can only prove valid wif.

The deductive system is complete if one can prove all valid wff.

31. The semantic rules that we have just given make first-order S5 unsound,
and equally in the second-order case.

In first-order modal S5, and a fortiori in second-order modal S5, we have
the following deduction:

ox Fox
Fox, ~opx

FoxV~px
FL(¢pxV ~px)
F3yL(oxV ~dy)

I~

Iv
IL
13

The conclusion of this deduction is not valid in the semantics proposed in
section VI.

Assume a domain D composed of two individuals 0 and 1. Let w be a
one-place predicate such that w(0) = T and w(1) =F. Let V be an interpre-
tation which gives the value w to ¢ and 1 to x, whatever values it gives to
the other variables of £. The wff IyL (¢oxV ~py) will be false in (D,V).
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For let V/ be an interpretation such that V(¢) = w, V(x) = | and
V(y) = 0, and where it does not matter what values V” gives to the other
variables of £. We have successively:

V"’ (px)=F
V7 (py)=T
Vi(~py)=F

Vi (pxV~py)=F

For any interpretation V", V" (L(pxV ~py))=F.
In particular, for every interpretation V' which gives all variables
other than y the same values as (D,V), V/(L(pxV~¢y))=F. So

V(@&@L(pxV~py))=F

32. In second-order modal S5 we have the following deduction:

pxbox
Fox~ox |

FoxV~ox
FL(dxV ~ox)

FIPLGRV ~gy)

The conclusion of this deduction is not satisfiable in the semantics proposed
in section VI.

Assume a domain D and an interpretation V. Let @ be an individual in
the domain D. Let w be a one-place predicate such that w(a) = F. Let w’ be
a one-place predicate such that w’(a) = T.

Then let (D,V”) be an interpretation which gives the value a to x, w to
v and w’ to 1, whatever values it gives to the other variables of £. We have
successively:

V" (px)=F
V' (px) =T
V" (~1px) = F

V" (pxV ~1px)=F

So for all interpretations V", V' (L(pxV ~1)x))=F.

In particular, for every interpretation V' which gives all variables
other than ¢ the same values as (D,V), V/(L(pxV~1x))=F. So
V@YL(pxV ~1x))=F.

The proof holds for every domain D and interpretation V.
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33. The problem with the semantic theory presented in section VI lies in
the fact that it treats the symbols L and M as abbreviations for universal and
existential closures. So that in expressions of the form JyL(pxV ~py) or
JYL(pxV ~1x) the variables y and 1) are considered to be bound by L and
M and not by the quantifiers 3y or 3¢, as they are in modal logic. Modal
logic does not treat L and M as abbreviations for universal or existential
closure. In other words modal logic does not identify the notions of validity
and necessity.??

A. BAYART (Brussels).

4. Commentary on CLM*

In CLM, 3 it should be noted that an interpretation V assigns values to the
predicate and propositional variables, as well as to the individual variables.
This is made plausible by Bayart’s treatment of propositional and predicate
symbols, as well as individual symbols, as variables which can all be bound
by quantifiers. So we do not have the distinction, common in current treat-
ments of first-order logic, between an interpretation to the predicates and
an assignment to the individual variables. The use of ‘propositional variable’
and ‘predicate variable’, even for symbols never bound by quantifiers, as
in propositional and first-order logic, was quite common at the time. It occurs
in the contemporaneous Kripke (1959). The use of the interpretation V to
give values to individual variables occurs also in Hughes and Cresswell
(1968) (though not in Hugues and Cresswell (1996)) where V in an LPC
model assigns all values, alike to the predicate symbols and to the indi-
vidual symbols.

A word of explanation needs to be said about the auxiliary language £’
introduced in CLM, II. It is important to appreciate that £’ contains sym-
bols not in the object language £, in particular the abstraction operator A,
which can be used to form complex predicate expressions. Although this is
not said explicitly, the use of £’ is motivated by the fact that Bayart is
producing a semantics for second-order modal logic, in which both propo-
sitional and predicate variables can occur in quantifiers.”> To see what the

23 There follows a bibliography, which has been incorporated in the list of references to
the present article.

24 1 shall follow Bayart (1959) in referring to Bayart (1958) as CLM, and I shall refer to
Bayart (1959) as QA. Following Bayart, an expression like CLM, II will refer to section II
of CLM, and an expression like CLM, 9 will refer to paragraph 9 of CLM — and analogously
with QA.

25 The use of A is found in the higher-order completeness proof in Henkin (1950), which
Bayart was familiar with. For a hint of some of the complexities of substitution rules in
higher-order logic see Henkin (1953) and Church (1956, pp. 289f.).
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problem is look first at a principle of ordinary first-order logic. This is the
principle which can be stated by the schema

Vxa D (D

where § (which can be written «[ y/x]) is just like o except in having
free y wherever a has free x.2° The simplest instances of (1) are wff
like Vxox D¢y — what is true of all is true of each. But more complex
instances are such wff as Vx3zVv(pxz D ¢vx) D 3zVv(pyz D pvy), but not
Vx3zVy(pxz D @yx) D AzVy(pyz D wyy), since in the latter y becomes
bound in 3 in a place where x was free in . So much is standard, and is
not difficult to articulate in first-order logic, where the replacement for x in
« to get (3 is just another individual variable. (There are to be sure formula-
tions of first-order logic which contain complex terms made up by the use
of individual constants or function symbols, but in CLM, 2 Bayart excludes
these.)
In the case of second-order logic we can have instances like

VVx3y(pxy Apyx) D VaxIy((Yx = ¢y) A (Yy = ¥x)) ()

where the simple two place predicate ¢ has been replaced by a complex
expression, in such a way that pxy becomes ¢x =1y, and ¢yx becomes
1y =1x. Of course we must rule out cases like

VipIy(hx = pyy) O Fy(pxy = pyy)? 3)

in which @xy is substituted for x, since that would cause a variable free
in the substituting formula to become bound as a result of the substitution.

What has happened in (2) is that we have replaced a simple two-place
predicate variable ¢ by a complex expression, ensuring that the variables
which follow ¢ in the antecedent are retained in the consequent. So Bayart
uses Church’s device of lambda abstraction to systematise this fact. For any
individual variable x you can read Axa as ‘is an x such that «’, and Axya
as ‘are an x and y such that «’, and in (2) one can think of replacing the
simple predicate ¢ by the complex predicate expression, Azv(iz =yv),

26 In a Gentzen system of the kind Bayart is using in this work, (1) would be written
G,TEA
Vxo, ' A

27 Bayart uses lower case letters for variables of all kinds as well as for complex expressions.
I follow him when principles are stated to hold for variables of all kinds, but in examples
like (2) and (3) I have used V¢ or V) rather than Vx or Vv.
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which reads ‘are a z and a v such that z is ¢ iff v is ¢’. One can then rep-
resent (2) as

VoVxIy(oxyApyx) DVxIy(Azv(yz = Ywv)xy Adzv(pz = Yv)yx). 2 (4)

What is going on in (4) is that ¢ has been replaced in each case by the
complex two-place predicate Azv(yz =1v), and this predicate takes the
arguments x and y in that order when it replaces ¢xy, and the arguments y
and x in that order when it replaces @yx. In (4) Azv is what Bayart calls an
n-place individual abstractor and \zv(iyz=1v) an n-place individual
abstract (or an n-place parapredicate). In the present example n = 2 and we
have a two-place abstract.

Bayart’s use of the expression ‘parapredicate’ is to signal that this expres-
sion is not an expression in the object language £. So what are we to say
of

Azv(z = Yv)xy? &)

(5) could be read: x and y are a z and v such that ¢z =¢v. The wff of L
that (5) designates is what Bayart calls the resultant of (5). It is what you
get by taking ¢z =1v and replacing z by x and v by y, i.e., it would be
vx=1y. So Azv(vz =1v)yx would be what you get by taking ¢z = v
and replacing z by y and v by x, i.e. it would be ¥y =1x. This procedure
would turn (4) into (2). To take care of problems raised by examples like (3),
where a variable becomes bound when replacing one which is free, Bayart,
in CLM, 7, defines what he calls a ‘well-formed abstract’. (5) itself is what
Bayart calls a ‘simple primary paraformula’.? In CLM, 17 Bayart reminds
us, at the end of the third paragraph, that the paraformulae are not them-
selves part of the deduction system — that it is their resultants which are.

Bayart also has propositional abstracts, and n-place predicate abstracts.
A propositional instance of (1) would be

Vp(p=q) D (rAs)=q) (6)
which could be written

Vp(p=q) D MWV =q)(rAs) @)

28 In this case z and v have been used to avoid confusion with x and y, though in fact
that is not strictly necessary, since in Azv(y)z = 1v)xy you can think of A\zv as a variable-
binding operator whose scope does not extend to xy, and so even if A\zv(1)z = 1v)xy had
been written as \xy(yx =1 y)xy the scope of Axy would still not have extended to the final
x and y.

2 Bayart’s actual phrase is ‘paraproposition’, but recall that I am referring to Bayart’s
‘propositions’ as formulae.
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and then the rules for obtaining the resultant of Av(v=gq)(r As) would
give (rAs)=q.

There will be some occasions on which the resultant will have to be
obtained in several stages. Thus for instance in the expression

ApVx(px = Px)(Ayxyy) 3

where Ayyyy is the predicate argument of the predicate abstract
ApVx(px = 1px) we first obtain the ‘intermediate resultant’

Vx((Ayxyy)xx = ¥x) ©)

by eliminating the predicate abstract, and then obtain the final resultant by
eliminating the individual abstract to get

Vx(xxx = ¥x). (10)

Theorems [-VIII in CLM, III should now be straightforward results about
the semantics of \-expressions. Among the things they do is establish the
semantic equivalence of a paraformula and its resultant.

In CLM, 25 Bayart notes that the only abstracts required in first-order
logic have the form Axa where x is an individual variable, so that (1) can
be written as

Vxa D Axagy30 (11)

where Axay is a paraformula whose resultant, provided Axa(y) is well-
formed, is simply « with free y replacing free x.

In a Gentzen formulation of logic, in place of deriving theorems which
are single wff, one derives what are called sequents. The usual way of
understanding a sequent is as a pair ($, A) where ® and A are sets of wff.
Where (®, A) is a theorem of the logic we can write - A. Bayart’s treat-
ment in CLM, IV follows Gentzen’s original paper more closely, except of
course for the addition of the modal rules. (See Szabo (1969, pp. 83-85)).
In the first place ® and A, which he writes as 4 and &, are not sets but finite
sequences. (That is why he needs ‘structural’ rules which guarantee that the
order of wif does not matter, and that the repetition of wif does not matter.3")

30 Although not strictly necessary this expression could do with some bracketing to make
its meaning clear. We could write (Axa)y or Axa(y), though Bayart writes Ax(«)y. (In his
notation Zx(p)a looks less odd than Ax(«)y. At CLM, 5 he points out that his introduction
of brackets is for ease of reading.)

31 In my commentary on Bayart’s Henkin completeness proof, I shall frequently speak
as if the components in a sequent are simply sets of wff rather than sequences. In QA, 23
(except for & and &) Bayart uses the same style of variable for sequences and sets.
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In the second place the symbol -, Gentzen’s —, which Bayart writes as I,
is not a sign that a sequent is derivable, but is a sign which separates ®
from A. So that where @ is «,...,, and A is 3,,...,3,, then the sequent
Q.0 F By, 8, 1s the n + m + 1 termed sequence whose first n terms
are o,...,o,, and whose next term is -, and whose final m terms are
Bys---» B, So that instead of letting ® - A indicate that(®, A) is a derivable
sequent Bayart says that ® - A is derivable. (Or rather he speaks of a
‘deduction’ of ® = A. Of course with I in place of I- this looks less strange
that it seems with I-.)

Bayart also defines what makes a sequent ‘true’ in an interpretation.
What I have done in the translation is amalgamate these two uses of F,
since, even if, in strictness, this involves some blurring of the use/mention
distinction, it seems to me that no serious confusion arises. Again, readers
can be referred to the versions on the website. Since ® and A are finite, if
¢ is ay,...,a, and A is 3,,...,[3,, one can write «,,...,c, - f3,....03,,, and
one can also write such things as ¢, FA, 3. Sequents can be given a
semantics which describes them as true or false. Bayart calls & - A true
if either one of the wif in ® is false or one of the wif in A is true, and
false otherwise. With this interpretation «,...,a, - 3,,...,3,, Will be true
iff (A Ay) D (B V...V 3,) is true, and so ay,...,o = 5y,..., 03, is
equivalent to (o A...Ao,)D (B V...V3,), where -A indicates a
sequent in which ® is empty. While this use of - A is common, @ - is less
so, though Bayart, again following Gentzen, makes extensive use of it.
It would have to mean that ® yields nothing, so if we let @ denote the
empty sequence then ® - would be an abbreviation for ® - @, and this
would be true iff either some « in ® is false or some 5 in @ is true. Since
there is no 3 in ® this is equivalent to saying that not every « in & is true,
and so can be written ® L. This enables «,...,a, - to be understood
as F(oy A...Nay) DL, or equivalently F~(ay A...A ), and I have used
® I rather than ® I in the translation.

The rules that define the axiomatic Gentzen-style system for S5 predicate
logic consist of one axiom and twenty eight transformation rules, what
Bayart calls ‘Rules of deduction’.*? I shall illustrate the rules by looking at
one of the rules for quantification, since this will also shew how abstraction
is used by Bayart. The rule is VI, which is

Ax(@)0,dFA
Vxa, DA

32 1 have used Bayart’s names for these except in adopting the Russellian symbols in
place of Bayart’s Polish symbols. So for instance Bayart’s CI and IC become DI and ID.
I have not replaced ‘I’ by I~ in the names of these rules since I suggests ‘introduction’ and
all Bayart’s rules are introduction rules.
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where 6 might be a complex expression of the same type as x, as for
instance when x is ¢ and 6 is Azv(i)z = 1v). In the first-order case we have
seen that (the resultant of) Axa(y) is just a[y/x], so that in the first-order
case VI is

aly/x], PEA
Vxa, ®HA

L.e., whatever you can deduce from «[ y/x] together with ® you can deduce
from Vxa, together with P.

As far as the modal rules are concerned Bayart relies on an axiomatisa-
tion of S5 which is not so popular nowadays because it does not generalise
to other modal systems. For L the rules say first that if you can get some-
thing from « you can get it from La, which is the equivalent of the T axiom
La D «a, and second that if you can get o from wff which are all fully
modalised — in the sense that all of their atomic wff are in the scope of a
modal operator — then you can get Lo from the same wff.* The rules for
M are analogous.

5. Bayart 19593

QUASI-COMPLETENESS OF SECOND-ORDER S5 AND COMPLETENESS OF
FIRST-ORDER S5

In the present article we frequently refer to our earlier article ‘La correction
de la logique modale du premier et second ordre S5° (Logique et Analyse 1).
We refer to this as ‘CLM’.

This article contains six sections and thirty three paragraphs. The refer-
ences will take the form ‘CLM, IV’ or ‘CLM, 12°, referring respectively to
the fourth section and to the twelfth paragraph.

I. Quasi-semantic definitions for second-order logic

0. The language of second-order modal logic includes all the wff of second-
order non-modal logic; these are the wff of the language £ defined in CLM, 2
which do not contain modal symbols. If the second-order modal logic

3 This axiomatisation is derived from A.N. Prior. See Prior (1955, pp. 202 and 306f.)
where Prior dates it from 1953. Prior’s formulation in 1955, p. 202, is slightly defective,
and, as noted in footnote 2 on p. 347 of Lemmon (1956), was corrected by Prior. Lemmon
proves that the axiomatisation gives precisely S5 as formulated by Lewis. These facts are
noted on p. 121 of Feys (1965) (added posthumously by Dopp).

3% Translation of ‘Quasi-adéquation de la logique modale de second ordre S5 et adéqua-
tion de la logique modale de premier ordre S5°, Logique et Analyse 2, 1959, 99-121.
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defined in CLM, 1V is complete in the sense defined in CLM, 4 it follows
that all the wff valid in non-modal second-order logic will be derivable in
second-order SS5.

Now the set of derivable wff in second-order S5 is clearly recursively
enumerable. In particular the set of non-modal wff is recursively enumer-
able. But from Gddel’s incompleteness theorem it follows that the set of
valid formulae of non-modal second-order logic is not recursively enumera-
ble. We must conclude that second-order S5 (which we shall call S5?)
cannot be complete.

This impossibility does not exist for first-order S5 and we shall prove the
completeness of this logic.

All the same Henkin has shown that non-modal second-order logic is
complete in an extended sense which we may call ‘quasi-complete’.
We prove that S52 is quasi-complete in an analogous sense. In effect our
exposition is no more than Henkin’s theorem adapted for S5.

1. Let (D,W) be a universe composed of a set D of individuals and a
set W of worlds and let @ and b be the cardinal numbers of D and W
respectively. In CLM, 1 we assumed, for each natural number n, a number
¢ = 2%" of n-place intensional relations.

Assume, for each natural number n, a non-empty set P, of n-place inten-
sional relations based on (D,W). The sets D, W,P,P,P,,... based on (D,W)
constitute a quasi-universe Q based on (D,W).

If for every natural number n, P, contains all the n-place intensional
relations in (D,W), Q will be a complete quasi-universe based on (D,W).
In such a case we say that all the intensional relations in (D,W) are equally
relative to Q.

2. We take a second-order modal language £ defined as in CLM, 2. Con-
sider a quasi-universe Q composed of the set D of individuals and W of
worlds and sets of intensional relations Py,P,,P,,... We agree that the vari-
ables for individuals of the language L take as their values the individuals
of the set D and that for each natural number n the variables for n-place
predicates take as their values the intensional relations in P,,.

If, in accordance with this convention, we are given a value to each of the
variables of £ we are given an interpretation V relative to the quasi-universe Q.

3. We take a quasi-universe Q, a world w of this universe and an interpre-
tation V relative to this universe. We then define the notions ‘true for quasi-
universe Q, world w and interpretation V’, and ‘false for quasi-universe Q,
the world w and the interpretation V>.3°

35 Bayart uses ‘quasi-true’ and ‘quasi-false’ in line with his terminology for the sense of
validity used to prove higher-order completeness in Henkin (1950), but, while I have
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Let o be a wff of language L.

If «v is a variable p for 0-place predicates, then if w is the O-place inten-
sional relation given as the value of p, V(a,w)=w(w).

If « is px...x,, where ¢ is an n-place predicate variable (n = 0) and
where xi,...,x, are individual variables, if w, ay,...,a, are respectively the
n-place intensional relation and the individuals given as values of , x,..., x,,
V(a,w)=ww,a,...,a,).

If a has the form ~3, where ( is a wif, V(a,w)=T if V(8,w)=F, and
V(a,w)=F if V(G,w)=T.

If « has the form [FA~y, where 3 and v are wff, V(a,w)=T if
V(B,w)=V(y,w)=T, and V(a,w)=F otherwise.

If o has the form GV «y, where 3 and y are wif, V(a,w) =T if V(G,w)=T
or if V(v,w)=T, and V(a,w)=F otherwise.

If o has the form § D «y, where (3 and ~y are wff, V(a,w) =T if V(8,w)=F
or if V(v,w)=T, and V(a,w)=F otherwise.

If a has the form F=-~, where § and ~ are wff, V(a,w)=T if
V(B,w)=V(v,w), and V(c,w)=F otherwise.

If a has the form Vx3, where (3 is a wff and x a variable for individuals
or predicates, V(a, w) =T if, for each interpretation V' relative to Q which
gives to all the variables other than x the same values as V, V/(3,w) =T.
Otherwise V(a,w)=F.

If « has the form dx(3, where 3 is a wif and x a variable for individuals
or predicates, V(a,w)=T if there is an interpretation V' relative to Q
which gives to all the variables other than x the same values as V, and
V/(8,w)=T. Otherwise V(a,w)=F.

If v has the form L3, where 3 is a wff, V(a,w)=T if for every world
w' of the quasi-universe Q, V(8,w’) =T. Otherwise V(a,w)=F.

If a has the form M3, where § is a wff, V(a,w)=T if there is a
world w' of the quasi-universe Q such that V(3,w')=T, and otherwise
V(a,w)=F.

4. We take a quasi-universe Q and a world w of this universe. We define
for formulae of the language £ the notions ‘valid in (Q,w)” and ‘satisfiable
in (Q,w)’. Let a be a wff of L.

The wif o will be valid in (Q,w) if and only if, for each interpretation V
relative to Q, V(a,w)=T.

retained such phrases as ‘quasi-valid’, ‘quasi-universe’, ‘quasi-complete’ and so on, [ have
simply used ‘true’ and ‘false’ or T and F, since, once a quasi-universe is given, with respect
to that quasi-universe the notion of truth is so defined as to constrain the range within which
higher-order quantifiers are evaluated, since in quasi-universes the higher-order variables
must be given values from the allowable relations taken from P, P, etc. (This does mean
that the truth clauses as given in this translation are almost verbatim repetitions of the truth
definitions in CLM.)
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The wff a will be satisfiable in (Q,w) iff there is an interpretation V
relative to Q such that V(a,w)=T.

The wif a will be valid in Q iff it is valid in every (Q,w) (for every
world w).

The wif o will be satisfiable in Q iff there is some world w such that «
is satisfiable in (Q,w).

We define for the language £ the notions ‘quasi-valid’ and ‘quasi-satis-
fiable’.

The wif o will be quasi-valid iff it is valid in all quasi-universes.

The wif o will be quasi-satisfiable iff it is satisfiable in some quasi-universe.

We can express £ in a deductive system Dgs by being given axioms and
rules of deduction. Assume a quasi-universe Q.

The deductive system Dg;s is quasi-sound for Q if one can only prove in
Dgs formulae which are valid in Q.

The deductive system Dygs is quasi-complete for Q if one can prove in
Dg;s all formulae which are valid in Q.

5. Itis easy to check that S5? is not sound with respect to every quasi-universe.
Consider for instance a quasi-universe which for 0-place intensional relations
contains only the function which takes the value F at every world. In S5°
one can easily deduce the sequent -3pp, where p is a propositional variable.
But dpp is not satisfiable in the present quasi-universe. So, to develop the
quasi-soundness of S52 we must invoke the notion of a ‘regular quasi-universe’
as follows.

In CLM, 9 we gave a semantic definition of the value of an n-place
individual abstract. We must now give the definition of the value of a wff
for a universe (D,W) and an interpretation V. Let o be a wff of £. The value
of o for V is the 0-place intensional relation w such that for every world w
of W, w(w)=V(a,w).

We now give the following quasi-semantical definitions for a quasi-uni-
verse Q based on an interpretation V relative to Q.

The value of a wif o for Q and an interpretation V is the 0-place intensional
relation which, for any world w of W, takes the value T or F according as
V(a,w)=T or F.3¢

The value of an n-place individual abstract \x,...x, (c) for a quasi-universe
Q and an interpretation V relative to (D,W) is the n-place intensional rela-
tion which, for every world w and any series of individuals «,...,a,, takes
the value T or F according as V'(a,w) =T or F, where V' is an interpreta-
tion which assigns individuals «,...,a, as values to the individual variables

36 This looks like a repetition of what was said two paragraphs earlier. But Bayart is now
defining truth and falsity in a quasi-universe. (If we were to follow Bayart’s use of ‘quasi-
true’ and ‘quasi-false’ the impression of repetitiveness would disappear.)
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Xi,---,X, respectively and which gives to all other variables the same values
as V.

It is easy to see that the value of a wif or of an individual abstract is not
always an intensional relation relative to Q. Thus, in the quasi-universe
described above the propositional variable p can only take a single value,
and in the given value-system the value of ~p is not relative to Q.

A quasi-universe Q is regular if, for every wff « of the language L, for
every individual abstract Ax;...x,(«) constructed in the language £, and
for every interpretation V relative to Q, the value of « and the value of
AX,...x,(c) is an intensional relation relative to Q.

It is clear that regular quasi-universes exist, notably the complete quasi-
universes. The present exposition will shew that there also exist regular
incomplete quasi-universes.

6. We can now present the series of our quasi-semantical definitions:

— A wif is quasi-valid if and only if it is quasi-valid in all regular quasi-
universes.

— A wiff is quasi-satisfiable if and only if there is a regular quasi-universe
in which it is quasi-satisfiable.

— A deductive system Dgs is quasi-sound if all wif derivable in Dgs are
quasi-valid.

— A deductive system Dgs is quasi-complete if one can prove in Dgs all
formulae which are quasi-valid.

II. Semantic properties of paraformulae

7. In what follows we adapt the semantic theorems of CLM, III. Certain of
the quasi-semantical theorems which follow hold for every quasi-universe,
others only hold for regular quasi-universes. We will indicate each time
which of these is the case.

8. Theorem I. Consider a quasi-universe Q, two worlds w and w’ of W
and any interpretation relative to Q. If a is a modalised wff then
V(a,w)=V(a,w).

9. Theorem II: Let o be a wif containing only x,,...,x, as free variables.
Consider any quasi-universe Q, a world w of W and two interpretations V
and V' relative to Q which do not differ in the values assigned to x;,...,x,.
Then V(a,w)=V'(a,w). In particular if « is a closed wif (i.e., does not
contain free variables) then for any two interpretations V and V' relative to
Q, V(a,w)=V'(a,w).

10. Theorem III: Let o be a wff containing only x,...,x, as free vari-
ables. Consider any quasi-universe Q, and two interpretations V and V'’
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relative to Q which do not differ in the values assigned to x,,...,x,. Then
V(a)=V'(a). (For V(&) see paragraph 5 above.) In particular if « is a
closed proposition then for any two interpretations V and V' relative to Q,
V(a)=V'(a).

We could have formulated a semantic analogue of theorem III in CLM, IIL.

11. Theorem IV: Let 0 be an individual abstract \x,,...,x,(«) which con-
tains only the variables y,,..., ), free. Take any quasi-universe Q and any
two interpretations V and V' relative to Q which do not differ in the values
given to the variables yi,...,y,. Then V() =V'(0). In particular if 6 is
a closed abstract then for any two interpretations V and V’ relative to Q,
V(@)=V'(0).

The value of the wff « in theorem III and that of the abstract # in theo-
rem IV are values relative to (D,W) and not necessarily values relative to Q.

12. Theorem V: For any quasi-universe Q, and world w of W and any
interpretation V relative to Q, if Ax;...x,(a)y,...y, is a well-formed
simple primary paraformula and o’ is the resultant of this formula then
V(a/,w)=V'(a,w), where V' is an interpretation which gives to the indi-
vidual variables xi,...,x, the individuals ay,...,a, respectively, being the
same individuals as assigned by V to the variables y,,...,», respectively,
and which gives all other variables the same values as V does.

13. Theorem VI. For any quasi-universe Q, any world w of W, and any
interpretation V relative to Q, if Ax;...x,(«)y, ...y, is a well-formed simple
primary paraformula, and if w is the n-place intensional relation which is
the value given by V to the individual abstract Ax;...x,(«), the value
V(a/,w) of the resultant o/ of this paraformula will be w(w, a,...,a,) where
ai,...,a, are the values given by V to the variables y,,..., y,.

The relation w relative to (D,W) is not necessarily relative to Q.

14. Theorem VII. For any regular quasi-universe Q, any world w of Q,
and any interpretation V relative to Q, if Ap(a)gS is a well-formed propo-
sitional paraformula, and o’ is the resultant of this paraformula then
V(a/,w) =V"(ca,w) where V' is the interpretation which assigns the prop-
ositional variable p the 0-place relation w such that w = V(3), and which
gives all the other variables the same value as V.

(The analogous theorem VI of CLM, 15 could have been stated as fol-
lows: For any universe (D,W), any world w of (D,W), and any interpre-
tation V relative to (D,W), if Ap(«)f is a well-formed propositional para-
formula, where ¢ is an n-place predicate variable and 6 is an n-place
individual abstract, the value given by V in w of the final resultant o’ of
this paraformula is the same as V’(«), where V' is the interpretation which
assigns to the propositional variable p the 0-place relation w such that
w = V(0), and which gives all the other variables the same value as V.)
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15. Theorem VIII: For any regular quasi-universe Q, any world w of W,
and any interpretation V relative to Q, if Ap(«)f is a well-formed predicate
paraformula, where ¢ is an n-place predicate variable and 6 is an n-place
individual abstract, the value in w of the final resultant V(a/) = V/(«)
where V' is the interpretation which assigns to the variable ¢ the value
V(0) and which gives all the other variables the same values as V.

In theorems VII and VIII, from the fact that Q is a regular quasi-universe,
the intensional relation w is relative to Q, and so it is possible to use the
interpretation V’ described in these theorems.

16. Theorem IX: Let o be a wif. Let x be a variable. Let y be a variable of
the same type as x which does not occur, either free or bound, in a.

Let 3 be the wif obtained by substituting in « the variable y for the
variable x wherever the latter occurs bound (3 being identical with « if x
is not bound in «.) Then, for any quasi-universe Q, any world w and any
interpretation V relative to Q, v and ( have the same value in w.

Proof by induction on the construction of «, distinguishing between
cases where « has the form Vxa or dxa, and those where « has the form
Vzae or Jzav, z being a variable distinct from x and y.

In CLM, III we could have formulated a semantic theorem analogous to
the present theorem IX, but such a theorem is not needed.

III. Quasi-soundness and quasi-completeness of S5°

17. We say that a wff « is derivable in S5 if the sequent I« is derivable
in S52.

We say that a sequent & - A is true in w (for a quasi-universe Q and an
interpretation V) if ® contains a wff false in w or if A contains a wff true
in w. Otherwise the sequent ® - A is false in w.

One can then easily define quasi-validity and quasi-satisfaction for
sequents.

We say that the wff o represents the sequent ® - A if « is a disjunction
whose disjuncts, in order, are the negations of the wff in ® followed by the
wiffin A. One can easily shew that ® - A is derivable in S5? iff « is deriv-
able in S52.

One can equally easily shew that ® - A is true or false in w, iff « is true
or false in w.

It follows that the quasi-soundness and quasi-completeness of S5% can
be equally defined in terms of wff or in terms of sequents.

18. Theorem X: If all wff derivable in S52 are quasi-satisfiable in a quasi-
universe Q, then all wff derivable in S5% are quasi-valid in Q.

Proof from the fact that if a wff « is derivable in S5% the wff LV« is
equally so. Va designates here the universal closure of a.
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19. Theorem XI: 1f S5? is quasi-sound for a quasi-universe Q, Q is a regu-
lar quasi-universe.

Proof: From the definitions of a quasi-sound system and a regular quasi-uni-
verse, and from the fact that all wif of the form JpLVx, ... Vx, (ox,...x, = «),
where ¢ is an n-place predicate variable, and where x,,...,x, are n distinct
individual variables, and where (3 is a wff not containing free ¢, and thus
all wif of the form dpL(p = «) where p is a propositional variable, and
where (3 is a wff not containing free p, are derivable in S52.

20. Theorem XII: S5?% is quasi-sound.

The proof is analogous to the proof of the soundness of S52, given in CLM, IV.
It must take account of the fact that quasi-soundness has been defined in
paragraph 6 above in terms of regular quasi-universes.

The soundness proof for VI (see CLM, 21) is based on the quasi-seman-
tical theorems V, VII or VIII. Because the universes considered are regular
it is possible to provide an interpretation V which gives to the variable x
the value given by V to the argument € of the paraformula Ax(a)d.

21. Theorem XIII: 1If «v is a consistent wff, i.e., if the sequent o =L is not
derivable in S52, o is quasi-satisfiable.

Proof: Section IV of the present article will establish, for every consistent
wif «, a regular quasi-universe Q such that « is satisfiable in Q.

22. Theorem XIV: S5?% is quasi-complete.

Proof: If « is quasi-valid, ~« will be a wff which is not quasi-satisfiable.
By contraposition of theorem XIII we obtain that the sequent ~a L is
derivable, from which it easily follows that the sequent - « is derivable.

IV. Proof of theorem XIII

23. In what follows we understand by ‘well-formed formula’ (wff) a wif
of language £ defined in CLM, 2 and by ‘wff or derivable sequent’ we
mean a wif or sequent derivable in S5,

We use a, (3, v etc. to designate wff. These letters may be followed by
one or two numerical indices.

The capital letters B, D, F etc., and Greek letters like A, @, A etc., desig-
nate series or finite or infinite sets of wff. These expressions may be followed
by one or two numerical indices.

Use of these syntactical notations may be combined with the preceding
syntactical notations.

If all the wif of a set or series B of wif are elements of a set E of wff we
say that the set or series B is drawn from the set E.
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24. A finite or infinite set B of wff is consistent if there is no finite series
® included in B such that ® 1 is derivable.

A finite or infinite series of wff is consistent if it is included in a consis-
tent set.

A wif « is consistent with a set B of wft if B U {a} is consistent.

It is easy to shew that if ® is a finite series of wff included in a consistent
set B, and if ® -« is derivable then « is consistent with B. 4 fortiori, if
F « is provable it is consistent with every consistent set.

25. Let a* be a consistent wff. We order the set of wif of the form M in
a series M3,, M3,, M[3,,... We order the set of wff of the form 3x6 where
x is any variable in a series 3x,6;, Ix,0,, Ix36;, ...

Consider the set of ordered pairs of natural numbers and order it diago-
nally as follows: 00, 01, 10, 11, 20, ... Assume the following series of wff
Y0.0570.1571.05 -+ -

For each natural number n, v, , is the wff Ma*A (M3 D (3) where
MB=MG,.

For each pair of natural numbers n and m such that m = 0, ~, , is the
wif 3x,00m D Ol ¥/x,,] where y designates the first variable in alphabetical
order of the same type as x which does not occur free in 9x0 nor in any
wif v, where r.s is an index which precedes ‘n.m’.

We assume the following set of wif (4, (15 (o, ... For each natural
number n, (o is M, .

For each pair of natural numbers n and m such that m = 0, (, , is the
WffM(’YnO /\/\’Ynm)

26. Consider the set G of wif (y, (o1, o ---
Lemma I The set G as defined above is consistent.

Proof by reductio. Let A be a finite series included in G such that A -1 is
derivable. Let (, ,, be the wff of A such that no other wff of A has an index
of higher rank than n.m. let A’ be the series composed of all the wff ,
appearing or not in A whose index is lower than n.m. It is clear that if A -_L
is derivable then (, ,,, A’ L is also.

We shew that the latter is impossible by induction on the rank of the
index n.m.

Suppose n=m = 0. Then (,, is a wff of the form M (Ma*A (M3 D (3))
and A is empty. We then suppose that M (Ma*AN(MBDB))F L is
provable. As we have Ma* A\ (M3D B) FM (Ma* A (M3 D 3)) we obtain
by a cut that Ma* A (MpBD B)FL is derivable. As we have Ma*,
MBD B FMa*N (MBD3) we obtain by a cut that Ma*, (M3D B)F L
is derivable. Since Ma* is modalised we have that M (M (3D 3),Ma*+ L
is derivable.
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But F M (M3 D (3) is derivable as follows:

MpB,B -3
MBEB,Mp BEMBD3
FMGBDB,MS BFEMMBDE)
FMMBDB),MB MBEMMBD )
FMMBDB)

Hence by a cut with M(M (3D (), Ma*F_L we obtain that Ma*F_L is
derivable, contrary to the hypothesis according to which it is a consistent wff.
Suppose n = 0 and m = 0. (, ,,, then has the form M (Ma* A\ (M3 D 3))
but A’ is no longer empty.
Suppose then that M (Ma* A\ (M3 D 3)), A’ F L is derivable. We deduce
successively that the following sequents are derivable:
Ma*NMBDB), NFL
Mo* M3D B, N'F+L
MMpBDB), Ma*, A1 (since all the wff in A are modalised.)
Mao*, A'FL (since FM (M 3D [3) is derivable.)

But A contains the wff (;, which has the form M (Ma*A (MB' D> (3')).
Call this wff ‘G*’. Now we have the following proof:

Ma* M3 D[ FMa*

Ma*NMpB' DB FMa*
MMa*N(MB'D B FMa*

Le., that 3* - Ma* is derivable, whence by a cut with Ma* A’ 1 we
obtain 8% A’ L.

But 5* is a wff of A’. Thus we have A’ _L contrary to the induction
hypothesis.

Suppose n is any number and m = 0. Then (,, has the form
M (Yo ... ANyy,) Where v, has the form 3x6 D 6[y/x]. We then suppose
that M (oA ... A7), A’ L is derivable. As (, ,, has an index of higher
rank than all the other wff of A’, and as ~,, is the wff ~, ,, of which the
index is of greater rank than all the other wff which enter into the composi-
tion of ¢, 7 or of a wif of A’, we have that the variable y does not occur
free or bound except in 6[y/x].

37 Cym Will have the form M (7,0 A ... Av,m), and Bayart means by his sentence that all
the indices of these 7s other than v, , are lower than n.m.
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Hence, if M(yoA...A7yy), A'F L is derivable, the following sequents
are also:

(Yoo AY), AL
(Yo --- AYmt)s Ym» A/ L, or, what amounts to the same
(Yo Ao - AYmq), Ix6D O y/x], AL

Jy(Fx6 D 6[y/x]), (Vo N --- AYmy), AL (in virtue of what has been
said about the variable y.)

But - 3y(3x6 D 6[y/x]) is derivable as follows:

%8, 6 6
dxé = 6[y/x], Ixbd SF3Ix6D6
I3 8- Sy@xe i)
3) E55Ex6 5 6[y/x]), 3x8 Ind k- Ty(@x6 5 6[y/x])
Fay(dx6 D o[ y/x])

To enable verification of the legitimacy of this proof it is pointful to make
the following remarks

(1) é[y/x]=Ax(6)y where y does not occur in 6. It follows from this that
6 =Ay(6[y/x])x and that Ix6 D 6 = Ay(Ix6 D [ y/x]) x.

(2) The variable y does not occur free in dy(dxd D 6[ y/x]).
(3) Ix6D6[y/x]=Ap(Ix6D 6[y/x]) y.

From 3y(3x6 D 6[y/x]), Yo A+ - AYmy» A FL and from - 3y(3x6 D [ y/x])
we obtain by a cut, Yy A ... Ay, A F L. Noting that all the wff of A’ are
modalised we obtain M (yyA... AVpy), AF L. But M(ygA... Avyy) is @
wif of A’. Hence we obtain A’ 1 contrary to induction hypothesis. This
completes the proof of the lemma.

27. Consider the set of all modalised wif and order this in a series 7, 7,,
73, ... We assume the following series of sets of wif Hy, H,, H,, ...

HOZG-

H,., = H, if the wff n,,, is inconsistent with H, and otherwise H,., =
Hn U {nnH}'

We see immediately by induction on n, and noting that G is consistent,
that for every n, H, is consistent.

Let H be the union of Hy, H;, H,, ...
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Lemma II: H is consistent.

Proof by reductio. Let A be a series included in H such that A -1 is deriv-
able. Let 7, be the wff with the highest index in A. It is clear that all the wff
of A appear in H,. Then H,, will be inconsistent, contrary to construction.

Lemma III: If n is a modalised wff then if 7 is consistent with H then 7 is
an element of H.

Proof: Let the index of 7 in the series 7, 1,, 13 be n. If 77 is consistent with
H then it is consistent with H,_;. From this we have by construction that
H,=H,_,U{n}. So nis an element of H.

28. Assume the series Fy, F, F», ... containing respectively the wif v, 9,70 1,
Y0.25 -5 V105 V11 V125 -5 V2,00 V2.1 7225 -+

Assume the series Qg,Q;,Q,, ... defined as follows: Q,=HUF;
Ql :HUFI; Q2 :HUFZ,...

Lemma IV: The sets Q, Q,,Q,, ... are consistent.

Proof by reductio. Consider some series Q,. Let A be a series included in
Q, such that AL is derivable. Let A’ be the series composed of those
elements of A which are elements of F, and let A”" be that which remains
in the series A when all the elements of A’ are removed. Let A’ be the
SEries v, »---»Ynm Where m is the highest number occurring in the second
index of a wif in A’. It is clear that if AL is derivable then A’/, A" -1
is equally. Consider the wft (v, A ... A7y,,) where ~,,...,7,, are respectively
the Wf 7,0,---,Yam- We would have that (v, A...A7,),A”" =1 is deriv-
able. Taking account of the fact that all the wff of A are elements of H and
thus are modalised wff we would have that M (yyA... Avy,), AV FL is
derivable. But M (vyA...AVp)=Com, and (, ,, like all the wif of A, is
an element of H. It follows that H would be inconsistent, contrary to
lemma II.

It is clear that identical reasoning holds equally for the case where A
contains only the wiff v, ,.

29. Consider the set of all wff and order them in a series o, a,, as, ...
defined as follows:

For each number n, R, ; = Q,,. For each number m+1, R, ,,+; = R, i if g
is inconsistent with R, and otherwise R, ,+1 = R U {a,.}. We see
immediately by induction on m, and considering that Q, is consistent, that
for each m, R, ,, is consistent.

Consider the sets Ry, R}, R,, ... which are respectively the unions of the
sets Ro., Ro.15 Roas -5 Rigs Rits Ryg, vy Ry, Ryps Ry,
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Lemma V: The sets Ry, R;, R, ... are consistent.

Proof by reductio. Let A be a series included in R, such that AFL is
derivable. Let oy, be the wif of A whose index m is the highest. It is clear
that all the wff of A appear in R, . Hence R, ,, is inconsistent, contrary to
construction.

Lemma VI Let a be a wif. If « is consistent with R,, o is an element of R,

Proof: Let the index of « in the series a, s, a3, ... be m. If «v is consistent
with R,, it is consistent with R ,.,;. From this we have, by definition, that
Rym= R, U{a}. So « is an element of R,

Lemma VII: If o is a modalised wff and if « appears in a set R, then, for
all m, it appears in R,

Proof: Let i be the index of « in the series o, @), as, ... If a belongs to R,
then « is consistent with R, ; ;. But R ; | contains H. So « is an element of
H. From this, in virtue of the manner of definition of the set Ry, R;, R, ... «
is an element of each of these sets.

30. Assume a quasi-universe Q containing a denumerably infinite set of
individuals, and a denumerably infinite set of worlds.

Assume a 1-1 correspondence between individual variables and the indi-
viduals of (D,W).

Assume a 1-1 correspondence between the sets Ry, R}, R, ... and the worlds
of (D,W).

Consider the set of intensional relations which are given by (D,W). For
each natural number n we establish a correspondence between n-place
predicate variables and certain n-place intensional relations such that to
each variable corresponds a single predicate, though several variables may
correspond to the same predicate.

If p is a propositional variable we let correspond to p the 0-place inten-
sional relation w which takes the value T for the worlds corresponding to
the sets R, which contain p, and the value F for the other worlds.

If ¢ is an n-place predicate variable (n=0) we let correspond to ¢ the
n-place intensional relation w which, when given as arguments a world w
and the individuals q,,...,a, (not necessarily distinct), takes the value T or
F according as the wff X, ...x, is contained or not in the set R,,, the set R,
being that which corresponds to the world w and the variables x,...,x,
being those which correspond to the individuals a,...,a, respectively.

Consider the set of intensional relations of (D,W) which we have made
correspond with the variables of £. This set of intensional relations constitutes,
with the set of individuals and the set of worlds of (D,W), a quasi-universe
Q based on (D,W). Further, the system of correspondences established
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constitutes an interpretation V, relative to Q. It is clear that the quasi-universe
Q permits the establishing of other interpretations than V.

31. Lemma VIII: Let Q be a quasi-universe and V the interpretation rela-
tive to Q corresponding with the set R,,. Let o be a wff. Then « is true or
false in w according as « occurs or not in R,

Proof by induction on the construction of a. (See the Remark at the end of
the present paragraph.)

If o is an atomic wif the lemma follows from the correspondences estab-
lished between the variables of £ and the quasi-universe Q.

If « has the form ~f3 and if ~3 is in R, then 3 is not in R,,, for otherwise
R,, would be inconsistent. So ( is false in w and ~( is true in w.

If a, i.e. ~0, does not appear in R, then § appears in R, for if not it
would follow that ~( and (3 are both inconsistent with R,,. We would then
have the derivable sequents ~ 3, AFL and 3, A’H1 where A and A’ are
sequents taken from R,,. Let A’ = AUA’. We then have ~ (3, A’ -1 and
B, A" 1 and easily obtain A’ 3. By a cut with 3, A’ -1 we obtain
A1 and therefore that R, is inconsistent. If 3 is in R,,, (3 is true in w,
and so ~( is false.

If « has the form 3 A~y and « appears in R,,, § and ~ appear in R,,. For
BAvF Band B A~y are derivable. So 3 and +y are consistent with R,
and from this are clearly in R,,. So § and ~ are true in w, and so 3 A is true
in w.

If o, i.e. A~y does not appear in R,. 3 and y cannot both appear, for
otherwise, since the sequent 3, v A~ is derivable, 3 A~ would be in
R,,. One of the two wff 3 and ~ will not be in R,,, and this one will be false
in w. So A~ is false in w.

If « has the form 3V v and « appears in R,,, one of the wif 3 and v will
appear in R, for otherwise ~(3 and ~+ will appear, and since ~(,
v,8V~yEL, R, will be inconsistent. Whichever wff (3 or v appears in R,,
will be true, and so 3V v will be true in w.

If a, i.e., BV v does not appear in R,,, then neither 3 nor  appear in R,,.
For otherwise, since G+ GV~ and v 3V are derivable 5V ~ will appear
in R,. So § and -y are false in w, and from this 5V ~ is false in w.

If « has the form 8D~ and « appears in R, v will appear in R,, or
B will not be in R,,, for otherwise 5 and ~~ will appear, and since
~7,0,8 > vFL is derivable, R,, will be inconsistent. If v appears in R,,
then ~ will be true in w, and if 3 does not appear in R, then 3 will be false
in w, and in either case 3D 7 will be true in w.

If o, i.e., 3Dy does not appear in R,,, then v will not appear in R, and
G will appear in R,,. For otherwise, v or ~( will be in R, and since
YyEBD~ and ~ [ 3D~ are derivable 3D v will appear in Ry,. So 7 is
false in w and (3 is true in w, and from this 3D ~ is false in w.
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If « has the form 3 = v and « appears in R,,, 3 and  will both be in R,,
or neither 4 nor v will be in R,,, For if one of these wff is in R,, and
the other is not, one will have, for instance, that 5 and ~+ are in R,,. But
~7, 3,3 =~FL is derivable. It follows that § and ~ are both true in w or
that 3 and ~y are both false in w, and so § = 7 is true.

If o, i.e., 8 = 7 does not appear in R, then one of the wif 5 and ~ will
appear in R, and the other not. For, if both wff appear then one notes that
B, F B =+ is derivable, and if neither 3 nor y is in R, then ~3 and ~~
are in R, and ~ (3, ~+vF 3=+ is derivable. So one of the two wff must
be true in w and one false in w, and from this 3 = ~ is false in w.

If o has the form Vx/3 and if o occurs in R, then for every interpretation
V' which gives all variables other than x the same value as V, 3 is true in
w according to V'. For let w be the entity (individual or relation) V' makes
correspond with the variable x, and let y be the variable, of the same type
as x, which V makes correspond with w. Two hypotheses arise according
as Ax(0)y is a well-formed paraformula or not.

If Ax(B)y is well-formed let v be its resultant. Then, since Vx(3 - is
derivable, v, appears in R,, and is thus true in w. But in virtue of theorems V,
VII or VIII, ~ has, in w, the value which (3 has in w according to V'. Thus
V'(B,w)=T.

If Ax(B)y is not well-formed it will be because x occurs free in 3 in the
scope of a quantifier Vy or Jy. Let 8’ be the wff obtained by replacing in
[ the variable y everywhere it occurs bound by a variable z of the same
type which does not occur in Vx/3, hence not in 3, free or bound. Vx/3 F VxG'
is derivable and hence Vx(3’ is an element of R,,. Further Ax(5")y is well-
formed and hence its resultant v’ is an element of R,, and so true in w.
It follows, in virtue of theorem IX, that 8 and (3’ have the same value in
w'. Thus V/(3,w)=T. So, for all interpretations V’ which give to all vari-
ables other than x the same value as V, V/(8,w) =T, and so V(Vx3,w)=T.

If o, i.e. Vx[, does not appear in R, there is an interpretation V/ which
gives to all variables other than x the same values as V, such that 3 is false
in w'. For, if Vx( does not appear in R, ~Vx(3 appears in R, and as
~Vx( - dx~ 3 is derivable, dx~ ( appears in R,,. But R, contains a wff of
the form Jdx~ (3 D ~B[y/x] where ~3[y/x] is Ax(~()y, this paraformula
being well-formed. It follows that ~3[y/x] appears in R, since dx~ [,
dx~f0 D ~pB[y/x] F~pB[y/x] is derivable. So ~(3[y/x] is true in w and
Bly/x] is false in w. Let V’ be the interpretation which gives x the same
value as V gives to y and to all variables other than x the same value as V.
We have that 3 has the same value in w’ as 3[y/x] has in w. V/(3,w)=F.
It follows that V(Vx3,w)=F.

If « has the form Jx(3 and if o occurs in Ry, then there is an interpreta-
tion V/ which gives all variables other than x the same value as V, and [ is
true in w according to V’. (We leave the proof to the reader who can adapt
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the proof given above for the case where « has the form Vx 3 and does not
appear in R,,.) It follows that Jx( is true in w.

If o, i.e. 3x0, does not appear in R, then for every interpretation V’
which gives to all variables other than x the same values as V, such that
is false in w according to V’. It follows that Jx[3 is false in w. (We leave
the proof to the reader who can use the proof given above for the case
where « has the form Vx( and appears in Ry,.)

If « has the form L and if «v appears in R, then, since LG+ 3 is deriv-
able §is in R, and so (3 is true in w.

Further, in virtue of lemma VII, for any world w/, L3 appears in R,.
It follows that for every world w/, 3 is true in w’/, and from this that L is
true in w.

If «, i.e. LS, does not appear in R, ~ L{ appears in R, and as
~ LB+ M~ 31is derivable M ~ (3 appears in R,,. Further for every w/, M~ (3
appears in R,,. Suppose that the wff M~ 3 is the wff M~ 3, (v. para-
graph 25) where w’ corresponds with R,, so that R, = R,. Then since
M@*NM~FD~F), M~ F~f is derivable, ~( is an element of
R, It follows that since w’ is the world corresponding to R, (3 is false
in w’ and hence [ is false in w’ and hence L( is false in w.

If « has the form Mf and if « appears in R,, there is a world w’ such
that (3 is true in w/. (We leave the proof to the reader, who can adapt the
proof given above for the case where « has the form L3 and does not
appear in R,,.) It follows that M3 is true in w.

If o, i.e. M, does not appear in R,,, then ~ M3 appears in R,,, and as
~MpB FL~ (3 is derivable L~ 3 will be in every R,,, and from this, for
every world w/, (3 is false in w/, it follows that M3 is false in w.

Remark: The proof cannot strictly be said to be by induction on the
construction of «, but by induction on wff with an identical structure. Two
wif are said to have the same structure if each can be obtained from the
other by substitution of free or bound variables. Then, where « has the form
Vx( and « is in R, we can assume that the lemma has been proved, not
only for §, but also for Ax(3)y. Note also that, for instance, where « has
the form Vx( and is not in R, we can suppose that the lemma has been
proved, not only for S[y/x] (B[ y/x]= Ax(8)y) but also for ~3[y/x]. This
is clearly legitimate because we have already proved that if the lemma
holds for 3[y/x] it holds for ~3[y/x].

32. Lemma IX: The wff a* is quasi-satisfiable in the quasi-universe Q.

Proof: Suppose that Ma* is the wff M3, (see paragraph 25.) Then Ma* A
(Ma* D «o*) is the wif v, ,, and it is in R,. Now, since we have Ma™* A
(Ma* D o*) | o* it follows that o* is in R, and thus is true in w, where w
is the world corresponding to R,,.
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33. Lemma X: The quasi-universe Q is regular.

Proof: For any number m all theorems are in R,,. So all theorems are sat-
isfiable in Q. By theorems X and XI, Q is regular.

With the proof of theorem XIII we have established that if a* is a consis-
tent wif there is a regular quasi-universe Q in which a* is quasi-satisfiable.

V. Completeness of S5!

34. Recall that we are given the following: (1) the language S5', defined
in CLM, 23; (2) the semantic definitions of CLM, 3 and 4, which, as
observed in CLM, 24, are applicable to the language S5'; (3) theorems I, II
and IV of CLM, adapted, as has been said in CLM, 26, to the language S5';
(4) a semantic (not quasi-semantic) theorem analogous to theorem IX of the
present article; for S5! the variables x and w of this theorem are individual
variables; (5) the deductive system S5! defined in CLM, 27.

We define, as in paragraph 17 of the present article, the notions of “wff
derivable in S5'” and ‘wff representing a sequent ® - A’. The remarks made
in paragraph 17 apply equally to S5!. Finally, we give for S5! the same defi-
nitions and we make the same remarks as in paragraphs 23 and 24 of the
present article.

35. We can make sets and series of wff of the language S5' analogous
to the sets and series defined in paragraphs 25-29 of the present article.
Lemmas I-VIII can be proved as in those paragraphs.

36. We assume a universe (D,W), and establish the correspondences
described in paragraph 30 of the present article. We no longer need the
quasi-universe Q containing just those intensional relations which corre-
spond with predicate variables. Lemma VIII can be read as follows:

Lemma VIII: Let (D,W) be a universe and V an interpretation relative to
(D,W). Let w be a world in (D,W) corresponding to the set R,,. Let o be a
wff. Then V(a,w)=T or F according as « is or is not in R,.

The proof is as in paragraph 31. We have the truth or falsity of « rather
than quasi-truth or falsity because we don’t have second-order quantifiers
in the language S5'. So if one looks at the series of quasi-semantical defini-
tions of truth and falsity given in paragraph 3 of the present article, one can
see that they are equivalent to the notions of truth or falsity with respect to
a universe (D,W) except for being restricted by Q. In other words, for the
language S5, the definitions of truth and falsity in quasi-universe Q based
on a universe (D,W) are no different from those for truth and falsity in Q
except where x is a propositional or predicate variable. The difference in
those cases arises because one doesn’t consider all the intensional relations
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in (D,W), but only those which occur in the quasi-universe Q based on
(D,W). 1t follows that for the language S5% a wff containing second-order
quantifiers might be true or false in w without being true or false in w in
(D,W) with respect to the corresponding V, and vice versa. The absence of
second-order quantifiers in S5!, makes this difference disappear.

It follows that we can proceed as follows: Apply the quasi-semantical
definitions of paragraph 3 (not those of paragraph 4) to the language S5'.
In Lemma IV choose the quasi-universe Q, and not the Universe (D,W).
Prove, as in paragraph 31, that « is or is not true or false in w with respect
to an interpretation V according as « is or is not in R,. We can claim that
« is true or false according as « is or is not in R, which is essentially
lemma VIII relative to S5!, as formulated above.

37. We can prove, as in paragraph 32:

Lemma LX: o* is satisfiable in a Universe (D,W). Lemma X falls and the
collection of lemmas I-IX prove for S5'.

Theorem XV: If o* is a consistent wff in S5' then o* is satisfiable.
From this one can conclude
Theorem XVI:. S5'is complete.

38. It has been possible to adapt the Henkin proof method to S5 and S5!.
One might have considered adapting the G6del proof method to S5!.3% But
one encounters a difficulty from the fact that the G6del method rests on the
technique of prenex formulae, and this technique is unavailable in modal
logic.*

6. Commentary on QA

The completeness proof in QA is a proof of what Bayart calls ‘quasi-com-
pleteness’, defined in terms of ‘quasi-universes’. This is because second-
order logic is known to be unaxiomatisable when the n-place predicates
range over all sets of n-tuples from the domain of individuals.*® Henkin
(1950), however, establishes a form of completeness whereby the range of
the n-place predicates can be arbitrarily restricted by a subset of ‘allowable’
sets of n-tuples. Bayart refers to this set as P, and calls such a restricted
universe a ‘quasi-universe’. Following Henkin (1950, p. 81, note 5), Bayart

3 The reference here is to Godel (1930).

3 The article ends at this point without a bibliography or an indication of an institutional
affiliation.

40 Henkin (1950, p. 81), points out that this follows from Gédel (1931).
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notes that soundness requires that the quasi-universe be ‘regular’ in the
sense that the range of an n-place predicate must include every n-place
condition definable in the language. I.e., we have to have, for every wif o,
the validity of:

JpVx, ... Vx, (X ... x, = ).

where ¢ does not occur free in «. This is necessary to ensure the quasi-
validity of principles like VI and I3, as illustrated in the discussion of (2)
in the commentary on CLM above.

The completeness proof in Bayart 1959 is a standard Henkin proof,
though Bayart only proves what is sometimes known as ‘weak complete-
ness’ — that every consistent wff has a model rather than that every con-
sistent set of wff has a model. L.e. he proves that where o* is a consistent
wif then o* is satisfiable. I shall consider later how his proof might be
modified to establish strong completeness. In the modal case satisfiability
of course means the existence of a model in which o* is true in some world,
for some assignment of values to its free variables. The proof can be divided
into three stages. The first stage (QA, 25-27) consists in the construction of
a (consistent) set H of wff which has the following properties:

1. H contains Ma*

2. For every wff of the form M{, and for every collection of wif of the
form dx,4y,...,3x,0,, there are variables y,,...,y, such that M (Ma* A
MBDBABx8 D4/ DA A (Fx,6, D 6, [a/x,]) 1s in H. (Note
that “variables’ includes individual variables, propositional variables and
predicate variables.)

3. Where 7 is a fully modalised wff either v or ~~ is in H.

Before I discuss how Bayart proves that there is such an H, I will look at
the second stage of his proof. What has to be achieved in this. In a model
for modal predicate logic constructed in accordance with the Henkin
method, the ‘worlds’ correspond to sets of wff in such a way that truth in
a world is equivalent to membership of the corresponding set. Because
Bayart is concerned only with S5 we don’t need to talk about one world’s
being accessible from another. But we do need to prove that whenever Mn
is in a (set corresponding to a) world w then 7 itself is true in some world
w’ in the model, and vice versa. The purpose of H is to provide a recipe
for constructing such a set of worlds, and this procedure is described in
QA, 28 and 29. Bayart first constructs a family of sets of wiff Q,, Q,, Q,,
etc. For every wff Mn in H there is one of these Q,s which contains, not
only Ma*, but also M7 D n. That particular Q,, like every member of Q,
also contains, for every dx6, 3x6 D 8[ y/x] with respect to some variable y
of the same type (individual, propositional or n-place predicate) as x is. The
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need to have wif like 3x6 D 6[ y/x] is well-known in first-order logic, where
it is sometimes referred to as the witness property. Finally each Q, is
extended to a maximal consistent R, and it is the R,s which correspond to
the worlds. Bayart puts a set of individuals into 1-1 correspondence with
the individual variables, and a set of worlds into 1-1 correspondence with
the R,s. On this basis, in the third stage of his proof, Bayart associates
propositional and predicate variables with appropriate intensions, and thus
establishes a value assignment V. He then proves by the usual kind of
induction that V(a,w) =T iff o € R,,.

I now proceed to indicate how Bayart proves the existence of a suitable H,
and then how he constructs the family Q out of it. Assume two separate
enumerations of wff. First an enumeration 3, 3, ... etc. of all wff. Second a
separate enumeration 3x;6;, 3x,0,, 3x38;, ... etc. of all wif beginning with 3.
Then assume an enumeration of all pairs of natural numbers nm in such a
way that if m < k then nm precedes nk, and if n < k then nm precedes km.*!
Associate with each nm a wff ~,,,,, where the v, s look like this:

Yoo: Mo A (MBy D Bo)  Yor: 3x161 D Gilyor/x1]  Yorr Fx205 D Go yea/ %]
Yio: Ma* AN (MBy D B1) v 3x61 D 61 [yn/x] Vi2: X0, D 6:[ Y12/ Xs]
Yao: Ma* N (MB, D B2)  Yar: 3x101 D 6y [yar/xi] Y22t 3x20; D 85[0/ %]

and so on. Le., the v,,s are the leftmost column, and ~,,, is the m’th wff in
the nth row. The reason for this series of wff is that for every M3 we need
a world where (3 is true, and where every true existential wff can be ‘instan-
tiated” by a witnessing variable. In this construction the variable y,, is
chosen to be one which does not occur in ¢, or in any 73, where hk is
earlier than nm in the enumeration of pairs of numbers.

Let G consist of all wif ¢, where (. = M (Vo A-.. AYym)- The point
of this is to ensure that any finite subset of wff in the nth row is jointly
possible. Bayart’s proof that G is consistent is by induction on the ‘rank’
of (,m» 1.€., by the place of its highest variable in the enumeration of the
nm pairs. First prove that {v,,} is consistent, and then, for the induction,
let G,,,, denote the set of all ¢}, of lower rank than (,,, assume that G,,,, is
consistent, and prove that in that case so is G, U {Coym} -

Coo is M (Ma* N (MBy D By))-
By standard principles of S5, if (, is not consistent then

FM(MBy D ) D ~Ma*.

41 The regular diagonal representation of pairs of numbers will achieve this.
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But since - M (M, D (3,) we have - ~Ma*, contradicting the assumed
consistency of a*. So G is consistent.

Now assume that G,,,, is consistent but that G,,, U {C,n} is not. There are
two cases according as m = 0 or m = 0. If m = 0 then we would have, for
some finite subset A of G,,,,, that

M(Ma* N (MB, D By), A+ L.
By standard principles of S5, bearing in mind that A is fully modalised, we
would have

Ma*, A+ ~M(MB, > 3,).

But - M(MB, D 3,) and so

Mo*, A+ L.
But A C G,,, and G,,,, is consistent and contains M (Ma* N\ (MG, D By)),
and so, since M (Ma* A (MB, D 5,)) = Ma* this would make G,,, incon-
sistent, which contradicts the induction hypothesis that A is consistent,
since all its members are of lower rank than ~,,. While I have appealed in
this commentary to ‘standard principles of S5°, Bayart provides all the

necessary proofs, as should be apparent from the translation.
For m = 0 we have that (,,,, is

M(f}/n() A /\,Ynmfl A (Elxm(sm o 6m[ynm/xm]))'

Suppose that
M(7n0 AT /\f)/nmfl A (Elxm(sm > 6m [ynm /xm ])), A I_L

where A is a subset of G, (all of whose wff are therefore of lower rank
than (,,,). Then

’YnO/\"'/\r}/nmflﬁ A|_ N(Elxm(sm:)(sm[ynm/xm])' (12)

And since y,,, is not free in A or in ¢, or in Yy, ..., Yam_; W€ have
Tno A /\’lem—lﬂ A + NElynm (Elxmém o 5m[ynm/xm])’

But
F3Yam (3% 6 D 6 Vam /X 1)

and so
Yo A - AVamo1, AFL.
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Since A is fully modalised we have

M('yno/\'”/\ﬂ)/nmfl)s Al_J—42 (13)

i.e. that {(,m_1} U A is inconsistent. But all its members are of lower rank
than (,,, and so are in G,,,, which is assumed consistent. So G, U {Cym}
is consistent. Since G is the union of all the G,,, its consistency follows
from their consistency in the usual way. Finally let G be extended to H by
ordering all modalised wff of £, and adding each if it is consistent to do
so, and its negation if not. This ensures that H has the three properties
mentioned above.

H itself does not correspond with any of the worlds — indeed it is not
maximal, and all its members are fully modalised. But it can be used to
obtain sets which do so correspond. For each n Bayart forms a set Q,, which
consists of H together with all the v,,,,s for 0 < m. He then proves that each
Q, is consistent. Suppose it were not. Then there will be some finite subset
A of Q, such that AF_1. Now, among the +s in A there will be one, say
Yam» SUch that no other « in A has a higher rank than ~,,,. And in that case,
every v in A will appear as a conjunct in M (Yo A ... AYy,) in H and
SO {Y00» -+-» Yam| 18 consistent, and since A C {7y, ..., Vam} then A is also
consistent.

Finally each Q, is extended to a maximal consistent R, and it is these
R,s which correspond to the worlds. We note some features of each R,.
First, all the R;s have the same modalised wff. This is proved in lemma VII.
This means that if Ln € R, then it appears in every R, and so 7 appears
there also. Second, if Mn € R, then, where Mn is the nth wff beginning
with M. Mn D n, being a conjunct of v,, will appear in R, and since Mn,
being modalised, will also be in R,, then 1 will appear in R,. So, where
Mn € R, then n will appear in R,. Third, each R, contains Q,,, and there-
fore, for every n, where 3x6 is the nth wff beginning with 3 there will be
some y such that 9x6 D 8[ y/x] € Q,,. Finally, since Ma* € H, there will be
some R, such that a* € R,. All these properties ensure that the model that

4 The model that Bayart is constructing has a constant domain for all worlds and thus
validates the Barcan formula BF: M 3xa D 3xMa. Since he is working within S5 BF is
provable, but it is interesting to note where this fact is used in his proof. In fact it is at (13),
since the proof here claims that since A is fully modalised we may move from a sequent
of the form «, AL to one of the form Ma, AF_L. But take o to be Ixpx and A to be
~JxMepx. Clearly Ixpx, ~IxMpx 1, and so, since ~IxMpx is fully modalised, we
obtain, by the principle used to obtain (13), MIxpx, ~IxMpx L. (In fact it is straight-
forward to derive BF in Bayart’s axiomatisation of S5, since it is straightforward to obtain
dxa F3dxMa, and since the consequent is modalised we may obtain M dxa - IxMa by
ML) The structure of the proof given in the text from (12) to (13) is to remove a modal
operator using IM, apply certain quantificational principles to the result, and then put the
operator back at 13.
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Bayart constructs in QA, 30 enables the ‘truth lemma’ he proves there to
be established by a standard induction on the construction of wff of L.

In QA, 30, Bayart asks us to assume that we have put the individual
variables of £ into a 1-1 correspondence with a denumerable set of indi-
viduals.® Tt is more common nowadays to let the domain simply be the
individual variables, but of course any denumerable domain will do. Bayart
perhaps has in mind that while there may be some particular intended domain
of individuals, it is not the business of logic to commit to it. He also assumes
a 1-1 correspondence between a denumerable set of ‘worlds’ and the
maximal consistent sets R,,. Notice that, in contrast to the worlds in the
usual kind of canonical model, there are only denumerably many maximal
consistent sets in Bayart’s model.

Based on these correspondences Bayart is able to define the P,s which,
together with D and W, constitute the quasi-universe Q. The intensional
relations of each P, (where propositions are 0-place intensional relations)
are those which correspond to predicate variables in the sense that an
n-place intensional relation w is in P, if there is an n-place predicate vari-
able ¢ such that, for any w € W, and any individuals a,...,a, € D which
correspond with individual variables x, ...,x, of £, w(ay,...,a,, w) = T iff
©x;...x, € R,. This system of correspondences automatically generates a
‘canonical’ interpretation, which I will here call V*. For V* we have

V*(px)...x5 w) = 1iff px,...x, € R,..

This is because, where ay, ..., a, correspond to xi,...,x, and w corresponds
with R,,, by the correspondences assumed at the beginning of QA, 30,
V*(p) is the function w such that w(ay,...,a,, w) =T iff o(x,...,x,) € R,
The task of QA, 31 is to prove the ‘truth lemma’ (Lemma VIII) that for any
wit a of £

V*(a,w) = T iff @ € R,

Bayart does not signal the canonical interpretation in any way, and does not
reserve a special name for it. He does say at QA, 30 that the quasi-universe
permits the establishing of other interpretations, and in fact reference to
these is necessary at the induction step for the quantifiers in the proof of
Lemma VIII. Here is why. If Vx5 is in R, then we have to prove that
V(B,w) =T for every V just like V* except for what it assigns to x, where
x is any kind of variable. So V(x) is either an individual from D, or else an
n-place intensional relation in P,, for n > 0. Then there will be a variable y
which corresponds with V(x), so that V(x) = V*(y). By VI we have that
Bly/x] is in R,. We have of course to make provision for first forming a

4 Bayart’s word is «Etablissonsy, ‘Let us establish’, by which he indicates that it is up
to us to decide just which correspondence to use.
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bound alphabetic variant of 3 which contains no y quantifier which would
prevent y from occurring free when it replaces x in 3. Bayart presents
aly,x] as a paraformula, Ax(3)y, and uses his notion of a ‘well-formed’
paraformula as defined at CLM, 7 to guard against the possibility of the
accidental binding of y. Notice that since y is a variable the resultant of
Ax(B)y is just B[ y/x]. Since B[y/x] is in R, then V*(5[y/x],w)=T, and
then Bayart uses the theorems of QA, II to establish that V(G,w)=T, and
so that V*(Vx3,w) = T. The converse is more straightforward, and requires
no additional commentary.

It should be observed that in the completeness proof, and in particular in
the proof of the truth lemma, no mention is made of the need for the quasi-
universe to be regular. It is however required for soundness, but this easily
follows from the truth lemma, given the derivability of the comprehension
principle, that for any wff o not containing free ¢

oV, ... Vx, (0x... x, = )

is derivable, and so is in every R,,, and so is valid. This fact is stated in
Theorem X in QA, 33.

Now to the matter of strong completeness. We know of course that strong
completeness (or strong quasi-completeness) holds for modal predicate S5,
but the question of interest here is how much adaptation Bayart’s proof
needs to accommodate it. For strong completeness, in place of a consistent
wif o* assume a consistent set A* of wff. Let A* be a set in a language £,
of modal predicate logic, and let £ be a language with infinitely many new
variables (of all types) not in £,. We then assume that the ordering of
variables used in Bayart’s proof only concerns the variables of £ which are
not in L. The principal idea behind what follows is this. Where Bayart uses
the single wff Ma* as a component of each of the wff (,,, which make up
G we now have to use a whole family I, of wff, where each member of
[, has as a component M« for some conjunction « of wif in A*. Just as
the (,,,s can be enumerated on the basis of the enumeration of the nm pairs,
so can the I',;s. We then make G the union of all these [,,s. Specifically
we proceed as follows. Change the definition of each ~,, so that it is simply
MG, D [,. Now assume that « is a conjunction of wff from A*, and let
Comlal be M(Ma Ao N oo AYam)- Let Ty, be the set of all ,,[«], where
« is any conjunction of wff in A*, and let G, be the set of all wif (; [«]
(for every conjunction « of wff in A*) whose rank is lower than nm. From
this definition it follows that, where v, 18 3x,0, O 6| Vam/*m 1> then y,n
does not occur in ,, or in any member of G,,,.

We prove that each G, is consistent. The proof is by induction on the
rank of I,,,. Gy will be the set of all Ma where « is a conjunction of wff
in A*. Gy, is consistent, since A* is consistent. Now suppose that m = 0
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and n > 0. Since G, is of lower rank than I, we assume for induction that
G, 1s consistent. Suppose that G,, U I}, is inconsistent. Then, for some
ay,...,aq such that each q; (1 <i<k) is a conjunction of members of A*,
and for some A C G, you would have

MMoy A(MB,D By)s o M(May N(MB, D 3,)), AL, (14)

So, since A is fully modalised, by principles of S5:
May,...,May, A1

But this would make G, inconsistent, since A C G,y and M (q; A... A ay)
is in Gy and Gy C Gy.

For m = 0, suppose that G, is consistent, but that G, U I',,,, is not. That
would mean that there will be some A C G,,,,, and some wif «y, ..., which
are conjunctions of wif from A*, such that, where v is (7,0 A --- AYam_i)»

M(MOé] AV/\(meém o 6m[ynm/xm]))a
vy M(Maye Ay A (X300 D Sl Vo / Xm D)), AL

So
Moy N...ANMoy, Ay, A~ (3x,0,, D 0 [ Vo /X1n 1)-

So, since y,,, does not occur in § or in any wff in G,,,, we have

MayN...AMag Ay, A ~Fp0 (3%06m D Ol Vam/Xml)-

But F 3y, 3%,6m D 6l Vam/Xm 1), and so
Moy AN...AMoy, Ny, AFL

and so, since all members of A are modalised,

MMayN...AMa, Ay), AL

But this would make G,,, inconsistent, since M (M (c; A... Aoy ) A7) is in
G,, and A C G,,,,..

Let G be the union of all the G,,,s. Since each G, is consistent then so
is G.

In order to ensure that there is a world satisfying A* we add to the Q,s
an extra set Q,«, which includes every member of A* together with every
Yim for m = 0. (The choice of 1 is arbitrary here, and is only for definite-
ness.) We shew that Q- is consistent. Suppose it were not. Then you would
have A L for some finite subset A of Q,+, which contains some «, ..., qy
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from A*, and some finite collection of the wff ,,,, for h = 0. Among these
there will be a greatest, say ;. Now suppose that M (o, A... Aay) is (3,
Then let A’ be

{M/Bn’ (M/Bn ) Bn)’ T [ynl/yll]a [RRS ’ylm[ynm/ylm]}
Clearly if AFL then A1 since none of the y,;s occur in A. But

M(M/Bn /\(M/Bn ) ﬁn)/\’yll[ynl/yll]/\"'/\7lm[ynm/ylm])

is in G,,,, and therefore in H. So A is consistent.

I have tried, in this extension of Bayart’s proof to the case of strong
completeness, to use methods which seem no more elaborate than those
found in Bayart’s own proof. This should give at least an indication of how
Bayart’s proof might be adapted to the case of strong completeness, even
though Bayart himself does not consider doing so.
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