Logique & Analyse 228 (2014), 591-636

TOPOS SEMANTICS FOR HIGHER-ORDER MODAL LOGIC

STEVE AWODEY, KOHEI KiSHIDA and
HaNs-CHrisTOPH KOTZSCH

Introduction

In many conventional systems of semantics for quantified modal logic,
models are built on presheaves. Given a set K of “possible worlds”, Kripke’s
semantics [11], for instance, assigns to each world £ € K a domain of quan-
tification P(k) — regarded as the set of possible individuals that “exist”
in £k — and then dx¢ is true at k iff some a € P(k) satisfies ¢ at k. David
Lewis’s counterpart theory [13] does the same (though it further assumes
that P(k) and P(/) are disjoint for k=1/¢€ K). Such an assignment P of
domains to worlds is a presheaf P: K — Sets over the set of worlds, thus
an object of the topos Sets*. (Due to the disjointness assumption one may
take counterpart theory as using objects of the slice category Sets/K,
which however is categorically equivalent to Sets"). Kripke-sheaf seman-
tics for quantified modal logic [7, 4, 6, 22] is another example of this sort.
Indeed, both counterpart theory and Kripke-sheaf semantics interpret unary
formulas by subsets of the “total set of elements” ., P(k), and, more
generally, n-ary formulas by relations of type:

P P(K)") 2 Subgyye (P).

k€K

In fact, counterpart theory and Kripke-sheaf semantics interpret the non-modal
part of the logic in the same way. (Kripke’s semantics differs somewhat in
interpreting n-ary formulas instead as subsets of K X (Uex P(k))").
Among these presheaf-based semantics, the principal difference consists
in how to interpret the modal operator O. Let K be a set of worlds K =|K|
equipped with a relation k < j of “accessibility”. Kripke declares that an
individual a € J,ex P(k) satisfies a property O at world k& € K iff a satis-
fies ¢ in all j > k. Lewis instead introduces a “counterpart” relation among
individuals, and deems that a € P(k) satisfies O iff all counterparts of a
satisfy . We may take Kripke-sheaf semantics as giving a special case of
Lewis’s interpretation: Assuming K to be a preorder, the semantics takes a
presheaf P: K — Sets on K?, and not just on the underlying set | K|, so
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that a model comes with comparison maps oy, : P(k) — P(j) whenever
k< j in K. Then «;: P(k) — P(j) gives a counterpart relation: cy;(a) is
the counterpart in the world j of the individual a € P(k), so that a satisfies
O iff ay,(a) satisfies ¢ for all j > k. (Notable differences between Kripke-
sheaf semantics and Lewis’s are the following: In the former, K can be any
preorder, whereas Lewis only considers the universal relation on K. Also,
since P is a presheaf, the former assumes that « € P(k) has one and only
one counterpart in every j > k).

In terms of interior operators, this gives an interpretation of [J on the
poset Subg,x(uP) of sub-presheaves of uP where u : Sets — Sets™! is
the evident forgetful functor. Note that such sub-presheaves are just subsets
of > 1ex P(k). Explicitly, given the presheaf P on K and any subset ¢ CuP
of elements of ) ;cxP(k), then Op C ¢ CuP is the largest subpresheaf
contained in .

Observe that u is the inverse image part of a fundamental example of a
geometric morphism between toposes, namely, u =i* for the (surjective)
geometric morphism

i* iy : Sets® — Sets®

induced by the “inclusion” i : |[K| & K of the underlying set |K| into K. In
particular, u is restriction along i. This observation leads to a generalization
of these various presheaf models to a general topos-theoretic semantics for
first-order modal logic [1, 5, 15, 19], which gives a model based on any
surjective geometric morphism f: F— £. Indeed, for each 4 in &, the
inverse image part f*: £ — F restricts to subobjects to give an injective
complete distributive lattice homomorphism A, : Subg(4) — Subg(f4),
which always has a right adjoint ;. Composing these yields an endo-
functor A4T; on the Heyting algebra Sub( f"4):

aara (C Subr(f*A) ZT Subg(4) (1)

<;
Ay

In the special case considered above, the interior operation on the “big algebra”

P(ZP(k)) 2 Subg kI (uP)

keK

determines the “small algebra” Subg,x (P) as the Heyting algebra of upsets
in > exP(k) (an upset S C Y,k P(k) is a subset that is closed under the
counterpart relation: a € S for a € P(k) implies ay;(a) €S for all j > k).
Moreover, I is the operation giving “the largest upset contained in ...”, and
Ap is the inclusion of upsets into the powerset. In this case, the logic is
“classical”, since the powerset is a Boolean algebra.
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In the general case, the operator O is of course interpreted by A, T,
which always satisfies the axioms for an S4 modality, since A, T, is a left
exact comonad. The specialist will note that both A, and I; are natural
in 4, in a suitable sense, so that this interpretation will satisfy the Beck-
Chevalley condition required for it to behave well with respect to substitu-
tion, interpreted as pullback (see [1]).

This, then, is how topos-theoretic semantics generalizes Kripke-style and
related semantics for quantified modal logic (cf. [1]). Now let us further
observe that, since F is a topos, it in fact has enough structure to also inter-
pret higher-order logic, and so a geometric morphism f : F — & will inter-
pret higher-order modal logic. This is the logic that the current paper inves-
tigates. The first step of our approach is to observe that, because higher-order
logic includes a type of “propositions”, interpreted by a subobject classifier
(), the natural operations on the various subobject lattices in (1) can be
internalized as operations on ). Moreover, the relevant part of the geomet-
ric morphism f: F— &, giving rise to the modal operator, can also be
internalized, so that one really just needs the topos £ and a certain algebraic
structure on its subobject classifier {2¢. That structure replaces the geomet-
ric morphism f by the induced operations on the internal algebras f, 2» and
Q¢ inside the topos £. More generally, the idea is to describe a notion of
an “algebraic” model inside a topos &, using the fact that S4 modalities
always occur as adjoint pairs between suitable algebras.

In a bit more detail, the higher-order logical language will be interpreted
w.r.t. a complete Heyting algebra H in &, extending ideas from traditional
algebraic semantics for intuitionistic logic [16, 21]. The modal operator on
H arises from an (internal) adjunction

w(CH T )

where 7 is a monic frame map and 7 classifies the top element of H. (This,
of course, is just the unique map of locales from H to the terminal locale).
Externally, for each 4 € &, we then have a natural adjunction between
Heyting algebras,
TA
iaTA C Homg(A, H) T " Subg(A) 3)

—
tA

defined by composition as indicated in the following diagram:
H

/T

A‘)Qg
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Comparing (3) to (1), we note that in the case H = £.{) for a geometric
morphism f: F— £ we have:

Homg(4,H)=Homg (A4, £.Qr) = Hom +( f*4, {2r) = Sub(f*4),

as required.

In this way, the topos semantics formulated in terms of a geometric mor-
phism f: F— & gives rise to an example of the required “algebraic” struc-
ture (3), with H = £.€)+, and the same semantics for first-order modal logic
can also be defined in terms of the latter. On the other hand, every algebraic
model in & arises in this way from a geometric morphism from a suitable
topos JF, namely the topos of internal sheaves on H. Thus, as far as the
interpretation of first-order logic goes, the algebraic approach is equivalent
to the geometric one (the latter restricted to /ocalic morphisms, which is
really all that is relevant for the interpretation). The advantage of the alge-
braic approach for higher-order logic will become evident in what follows.
To give just one example, we shall see how the interpretation results in a
key new (inherently topos-theoretic) treatment of equality which illumi-
nates the relation between modality and intensionality.

The goal of this paper is both to present the new idea of algebraic topos
semantics for higher-order modal logic and to revisit the accounts of
first-order semantics that are scattered in the literature, putting them into
perspective from the point of view of the unifying framework developed
here. The question of completeness will be addressed in a separate paper [3],
extending the result in [2].

In the remainder of this paper, we first review the well-known topos
semantics for (intuitionistic) higher-order logic and describe the adjunction
i-7 in some detail. The second section then states the formal system of
higher-order modal logic that is considered here and gives the definition of
its models. The third section discusses in detail the failure of the standard
extensionality principles and the soundness of the modalized versions
thereof. We then show how the semantics based on geometric morphisms
can be captured within the present, algebraic framework. The last section
states the representation theorem mentioned above.

For general background in topos theory (particularly for section 5) we refer
the reader to [9, 10, 14], and for background on higher-order type theory
to [8, 9, 12]. We assume some basic knowledge of category-theoretical con-
cepts, but will recall essential definitions and proofs so as to make the paper
more accessible. The algebraic approach pursued here was first investigated
by Hans-Jorg Winkler and the first author, and some of these results were
already contained in [23]. Finally, we have benefitted from many conversa-
tions with Dana Scott, whose ideas and perspective have played an obvious
role in the development of our approach.
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1. Frame-valued logic in a topos

Recall that a fopos £ is a cartesian closed category with equalizers and a
subobject classifier {2¢. The latter is defined as an object €2 together with
an isomorphism

Sub,(A4) = Homg (4, ), 4)

natural in 4 (w.r.t. pullback on the left, and precomposition on the right).
Equivalently, there is a distinguished monomorphism T:1— ¢ such that
for each subobject M — A there is a unique map u : 4 — €2 for which M
arises as the pullback of T along u:

This definition determines 2 up to isomorphism. The map u is called the
classifying map of M. The category Sets is a topos with subobject classifier
the two-element set 2. The classifying maps are the characteristic functions
of subsets of a given set 4. We list some further examples that will play a
role later on.

Example 1.1. An important example is the subobject classifier in the topos
of [-indexed families of sets, for some fixed set /; equivalently the functor
category Sets’. It is a functor ) :7— Sets with components Q(i) =2.

The subobject classifier in Sets€”, for any small category C, is described
as follows. For any object C in C, Q(C) is the set of all sieves o on C, i.e.
sets of arrows & with codomain C such that 4 €0 implies ho fe€ o, for
all £ with cod(f)=dom(%). For an arrow g:D — C in C, €2(g)(0) is the
restriction of o along g:

Q(g)(0) ={f: X—Dl|gofea},

which is a sieve on D. The mono T:1— () is the natural transformation
whose components pick out the maximal sieve T on C, i.e. the set of all
arrows with codomain C (the terminal object 1 being pointwise the single-
ton). The classifying map y,, of a subfunctor m : £ — F has components

(X (@) ={f: X = C|F(f)(a) € E(X)}.

In particular, if C is a preorder, then 2(C) is the set of all downward closed
subsets of | C. Since in this case there is at most one arrow g:D — C, the
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function F(g) may be thought of as the restriction of the set F(C) to F(D)
along the inequality D < C. O

Each (2, is a complete Heyting algebra, internal in £. Generally, the notion
of Heyting algebra makes sense in any category with finite limits. It is an
object H in £ with maps

NV, =

|y S ey T30 5/

that provide the Heyting structure on H. These maps are to make certain
diagrams commute, corresponding to the usual equations defining a Heyting
algebra. For instance, commutativity of

1xT

Hx1——HxH

S

H

corresponds to the axiom x AT=x, for any x € H. The correspondence

between the usual equational definition and commutative diagrams in a

category C can be made precise using the internal language of C [14].
The induced partial ordering on H is constructed as the equalizer

E—HxH==H,
7T1

corresponding to the usual definition

x<yiff xAy=ux.

The description of arbitrary joins and meets additionally requires the exis-
tence of exponentials and is an internalization of how set-indexed joins and
meets in set-structures can be expressed via a suitable adjunction. For any
object / in &, there is an arrow

A H—H'

that is the result of applying the functor ) to the unique map I — I
in & In detail, A;: H— H' is the exponential transpose of 7, : H xI — H
across the adjunction (—)x/- (). Set-theoretically, for any x€ H,
A;(x)(i)=x, for all i € I. The object H' inherits a poset structure (in fact,
a Heyting structure) from H, which set-theoretically translates into the
pointwise ordering.

I-indexed joins \/, and meets A; are given by internal left and right
adjoints to A;, respectively. After all, joins and meets are coproducts and
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products in the Heyting algebra H, and these can always be defined by
adjoints in exactly that way, regarding H as in internal category in &.
This is analogous to externally defining /-indexed products (coproducts)
of families (4;);c; of objects in a category C by right (left) adjoints to the
functor

A,:C—C'

Example 1.2. In case £ = Sets, the right adjoint V; to A, is explicitly
computed as

Vi(f) =ViacH|A(a)< [}, ®)

following the standard description of the right adjoint to a map of complete
join-semilattices, in this case A;. In fact, it is not hard to see that

Vi(f) = /\f(l)

iel
The left adjoint 3, 4 A, is described dually. O

Example 1.3. An important case that will be useful later is where the cat-
egory in questlon is of the form SetsC”, for a small category C. Products
in Sets are computed pointwise. In partlcular a Heyting algebra H in
SetsC” has pointwise natural structure. That is to say, each H(C), for C in
C, is a Heyting algebra in such a way that e.g. for all binary operations *
onH, H(f)oxp =xc0(H(f)xH(f)), foranyarrowf C — D in C. This
is because the structure maps, being arrows in Sets¢ , are natural trans-
formations. Naturality in particular means that for each f :C— D in C, the
map H(f) preserves the Heyting structure.

By contrast, exponentials are not computed pointwise but by the formulas

H'(C)=Hom(yCx1I,H)
HI(f):m—=no(yfx1)),

where yC denotes the contravariant functor Hom(—,C). The induced
Heyting structure on H’ is the pointwise one at each component. In par-
ticular, for any n, u : yCxI — H,

n <w (in H'(C)) iff n, < u,, foreach D€ C
iff n,(f,b) <up(f,b)(in H(D)), foreach f:D— C,be (D).

Since we are mainly interested in adjoints between ordered structures, for any
two order-preserving maps 7 : H < G : u between internal partial orderings
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H, G in Sets®”, 7 means that Ne - 1 at each component C. That is to
say

ne(x) <y iff x<uc(y),

for all xe H(C), ye G(C).

The natural transformation A;: H — H' (henceforth A) determines for
each x € H(C) a natural transformation Aq(x):yC x I — H with com-
ponents

Ac(x)p(fra) =H(f)(x).

Its right adjoint V;: H! — H (henceforth V) has components, for any
n€Hom(yCx1,H),

Ve(m) =Vis€ H(C)H(f)(s) <np(f,b), forall f:D — C, bel(D)j,

where the join is taken in H(C). Dually, the left adjoint 3 of A has com-
ponents

Fe(m) = Ns€ H(C)[ny(f.0) <H(f)(s), forall /- D—C, be I(D);.

(Note that for instance the condition on the underlying set of the join V¢ (1)
expresses that A (s) <7 as elements in H/(C), so these definitions are in
accordance with the general definition of right adjoints to A, given in the
previous example).

Lastly, each H(C) really is a complete Heyting algebra in the usual
sense of having arbitrary set-indexed meets and joins (so the previous def-
initions of V and d actually make sense). For any set J, the right adjoint
V¥, : H(C)’— H(C) can be found as follows. Consider the constant J-val-
ued functor AJ on C (and constant value 1; on arrows in C). For any C in
C, there is an isomorphism

Homg (J,HC) = Homg(yCxAJ,H)

(natural in J and H). Given a function /4 : J/ — HC, define a natural transfor-
mation vh:yCx AJ — H to have components (vh)y(g,a) = H(g)(h(a)).
Conversely, given a natural transformation 7 on the right, define a function
Jn:J— HCby fn(a) =n,(1¢, a). These assignments are mutually inverse.
Moreover, the map that results from composing A, : HC — H*’ (C) with
that isomorphism is computed as

SAc)(@)=Ac(x)c(Ie,a) = H(1e) (x) = x,
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so that for any x € HC, Ac(x) is the constant x-valued map on J. This
justifies taking the right adjoint to A; as the sought right adjoint of the
diagonal map HC — H(C)’.

Indeed, for exponents AJ the formula for the right adjoint to A, for
instance, takes the familiar form met in the previous example

Ye(m =Y,(/m = ASn@ = A\ nc(lc,a),

aeJ aeAJ(C)
or
Vy(h) =Vewh) = N\ (wh)c(c,a)= /\h(a),
aeAJ(C) act
respectively. O

For convenience, let us recall the Heyting structure of €¢ in more detail,
as it will be useful later on. It is uniquely determined by the natural iso-
morphism (4) and the Yoneda lemma which “internalizes” the (complete)
Heyting structure of Homg(—,{2¢) (coming from Subg(—)) to (2¢. Since
each pullback functor f™: Sub(B) — Sub(A4), for f: 4— B in &, preserves
the Heyting structure on Sub(B), all the required diagrams that define the
Heyting operations on ()¢ necessarily commute.

The top element is T:1— §2¢, which by the previous considerations is
the classifying map of the identity on the terminal object. The bottom ele-
ment is the characteristic map of the monomorphism 0— 1, where 0 is the
initial object of £ Meets

/\:QgXQg—)Qg

are given as the classifying map of (T, T):1— Qg x g, which is the
classifying map of the pullback of (I,Tu) and (Tu,1) (u:Q¢—1 is the
canonical map):

l— 0

\
T (1, Tuy
J +

QgWQS X Qg

viewed as subobject of Q¢ x Q; while (1, Tu) and (Tu, 1) in turn arise as
the subobjects classified by 7, and m, respectively. In a similar way, joins
are constructed as classifying map of the image of the map

(1, T ), T 1)] Qe+ Qe — Qe x Q.
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Implication is given as the classifying map of the equalizer

E o Qe x Q== Q.
™

The classifying map can be factored as follows, where the two squares are
pullbacks:

E Q¢ 1
Y \
T
QgXQg‘)QgXQg >QS
</\,7T1> 6@5

following a standard description of equalizers.'

Using the Yoneda principle one also obtains indexed meets and joins as
adjoints to the map A, : Qz — Qf. They are essentially provided by the fact
that, for any topos &, and any arrow f: A — B in &, the pullback functor

f*: Subg(B) — Subg(4)

has both a right and a left adjoint. Adding a parameter X yields that
(lXXf)* . Subg(XXB) — Subg(XXA)

restricts to a functor

Homg (X, Q2) — Hom (X, QF)

by the isomorphisms

Subg (X xY) = Homg (X x Y, Q) ~ Homg (X, QF).

These are natural in X and so by Yoneda provide a map
0F — O,

which is precisely Qf.
In particular, A, arises in this way from pullback along the projection
miXxI—X:

7 Subg(X) — Subg(X x 1),

! Actually, the Yoneda argument determines = as the classifying map of the subobject
V<T”Q€’1> (T) of Q¢ xQ¢, where the latter is precisely the said equalizer.
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that is by applying the previous argument to the map u,:/—1, as
required. The external adjoints of 7| induce the required internal adjoints
of Q¢ =A,.

As is well-known, one can interpret (intuitionistic) higher-order logic
w.r.t. this algebraic structure on )¢ [12, 14]. In particular, each formula
I'| ¢, where I'=(x,: 4,,...,x, : 4,) is a suitable variable context for ¢, is
recursively assigned an arrow

[A]% % [4,] 2 0,

in £ Connectives and quantifiers are interpreted by composing with the
evident Heyting structure maps of )¢ described above. For instance,
[x:A4]|Vy.p] is the arrow

Aol 18] Vil
[A] — Q¢ — Qg,

where Az le] is the exponential transpose of
[l = 4] x [B] — €.
In particular, the equality predicate on each type M is interpreted as the
classifying map 6y, of the diagonal
(L) = IM] — IM] x [M].
Example 1.4. When £ = Sets, and (g, = 2, then the right adjoint V; to
A, :2— 2! is by definition required to satisfy
Aj(x) < fiff x <V (f),

which holds just in case V; satisfies

Y(f)=1iff f(i)=1, forall icl.

Equivalently,
v (S)=1iff S=1,

where S C /7. Given a formula x:X | ¢, and an interpretation [X] LA 2,
then A\pxjle] : 1 — 2lX1 picks out the subset S of [X] whose characteristic
map is [¢], i.e. the set of objects in [X] that satisfy . Thus [Vx.]=1 if
and only if S =[X], as expected. O
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In principle, these definitions make sense for any Heyting algebra H in £
in place of )¢, except for interpreting equality, since there is no notion of
classifying map available for arbitrary H. We present below a way in gen-
eral to canonically interpret equality for arbitrary H, closely connected to
the treatment of modal operators.

Definition 1.1. In any topos &, a frame H in £ is a complete Heyting alge-
bra H in & A frame homomorphism f:H — G is a map f in & that is
internally \/, \-preserving.

Example 1.5. The prototypical frame is the collection of open sets O(X)
of a topological space X. The set O(X) is a complete Heyting algebra, as
is P(X). However, arbitrary meets in O(X) are in general not mere inter-
sections. That is to say, the inclusion

i:O(X) & P(X)

does not preserve them. This exhibits O(X) as a subframe of P(X) rather
than a sub-Heyting algebra. The example also illustrates why the notion
frame homomorphism matters at all. Note also that every frame map
f: H— G has aright adjoint f,, defined for any y € G as

L) =VixeH|f(x)<y}. (6)

The right adjoint to the inclusion 7 is the interior operation on the topo-
logical space X, which determines, in accordance with the formula for f,
the largest open subset (w.r.t. X) of an arbitrary subset of X.

A related and more elementary example is the set inclusion 3 & 4 of the
three element Heyting algebra into the four element Boolean algebra, as

indicated in:
’\ /‘1 1\

10 —

/ 01\ 00/10

11

00

(3 may be thought of as the open set structure of the Sierpinski space.) The
inclusion does not preserve the implication 10 — 00:

10— 00=00, in3
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while
10— 00=01, in 4.

Since i preserving arbitrary meets is equivalent to saying that i preserves
implications, 3 is included in 4 as a subframe rather than as a sub-Heyting
algebra. O

In a topos £ the frame ()¢ plays a distinguished role:

Lemma 1.2. In any topos &, the subobject classifier Q) is the initial frame.
That is to say, for every frame H in &, there is a unique frame map
i:Q¢— H. Moreover, the right adjoint T of i is the classifying map of the
top element T, :1— H of H.

We refer to [9] (C1.3) for the proof.

We will mainly be interested in those frames H for which the map
i : Q¢ — H is monic, to which we will refer as faithful > This map i : Q. — H
will play a crucial role both in modelling equality and the modal operator
on H. Looking ahead, suppose given a suitable (intuitionistic) higher-order
modal theory (as in section 2). Then we shall interpret equality on a type 4
w.r.t. an H-valued model in a topos £ as the composite of i with the usual
classifying map of equality:

[4]

[4] x [4] 24 0, 5 H.

The semantics thus obtained is not sound w.r.t. standard higher-order
intuitionistic logic; in particular, function and propositional extensionality
fail (as we shall show by providing counterexamples). On the other hand,
one can restore soundness by taking into account the following naturally
arising modal operator.

Lemma 1.3. Given a frame H in a topos &, let i1 be the canonical
adjunction described in lemma 1.2,

i:Qe S H:T.
The composite ioT is then an §4 modality on H.

Proof. The composite i o T preserves finite meets because both components
do. In virtue of i - 7, the composite is a comonad, which gives the S4 laws.
O

2 A frame H is faithful in this sense iff the inverse image part of the canonical geometric
morphism She(H) — £ is faithful (see section 5).
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2. Higher-order intuitionistic S4

The formal system of higher-order modal logic considered here is simply
the union of the usual axioms for higher-order logic and S4. The higher-
order part is a version of type theory (cf. [8, 9, 12]). Types and terms are
defined recursively. A higher-order language £ consists of a collection of
basic types 4, B, ... along with basic terms (constants) a: 4,b: B. To stay
close to topos-theoretic formulations, we assume the following type and
term forming operations that inductively specify the collection of types and
terms of the language:

¢ There are basic types 1, P
e If A, B are types, then there is a type 4 xB
 If A, B are types, then there is a type A%

Terms are recursively constructed as follows. Here we assume, for every
type A4, an infinite set of variables of type 4, written as x: 4, to be given.
We follow [8] in writing I'|#: B, for I'=(x,: 4,,...,x, : 4,), involving at
least all the free variables in the term ¢. A context I' may also be empty.
Formally, every term ¢ always occurs in some variable context I" and is
well-typed only w.r.t. such a context. This is important to understand the
recursive clauses below. To simplify notation, however, we omit I if it is
unspecified and the same throughout a recursive clause.

e There are distinguished terms @|*:1 and @|T, L:P

e If t: 4 and s: B are terms, then (¢,5): AX B is a term

e If t: AX B is a term, then there are terms m¢:4 and m,¢: B

e If I'|t:4 is a term and y:B a variable in I', then there is a term
I'[y:B]| A\y.t: A®; where T'[y:B] is the context that results from I' by
deleting y: B.

e If #: A% and s: B are terms, then app (¢,5): 4 is a term.

¢ For any two terms ¢: P, s:P there are terms t As:P, tVs:P, t=s:P.

e If I,y:B|t:P is a term, then T'|Vy.r:P is a term; and similarly for
I'|3yt:P

e Ift: 4 and s5: 4 are terms, then s =, ¢: P is a term.

o If r:P is a term, then [Jz: P is a term.

One also assumes the usual structural rules of weakening of the variable
context (adding dummy variables), contraction, and permutation. We may
also assume that each variable declaration occurs only once in a context.

As usual, we define a deductive system by specifying a relation - between
terms of type P. The crucial difference between the standard formulation
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of intuitionistic higher-order logic and the present one are the modified
extensionality principles marked with ().
* pky
okYy t:A4
o[t /x]+[t/x]
o LR e v
pHY

for x : A (similarly for simultaneous substitution)

e ThHx=,x, where x:4

e pAx=,x"F@[x'/x]. where x: 4, x": 4
() o OVx(f(x)=4 g(x)) Ff=41 g, for terms x:4 and f, g: B
(x) « O(peq)Fp=pq, for terms p,q:P

e Thkx=; x, where x:1

e THm(x,y)=,x and TFm(x,y) =5y, where x:4 and y:B
o TH(mw,mw)=,zw, for w:AxB

o T'[x:A]|T Fapp(Axt,x") =5 t[x'/x], for T'| #: B and x': 4

o THAx.app(w,x) =z« w, for w:B*

e kT, forany p:P

e LlFy, forany ¢:P

e oA Iff i1 and p HY

e VY I iff o9 and Y I

e pHY=9 iff pAY I

e I'Ixpry iff T,x:4| @k

e TlpbVxap iff T,x: 4@
Definition 2.1. A theory in a language L as specified above consists of a set
of closed sentences «, i.e. terms of type P with no free variables (well-typed in
the empty context), and which may be used as axioms in the form T'| T Fa.
Remark 2.2. Adding the axiom

LI THVYp.pVv—p

makes the logic classical.
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As is well-known there are more concise formulations of higher-order
systems. The particular one chosen here is very close to the definition of a
topos as a cartesian closed category with subobject classifier. One does
not really need all exponential types and their constructors, however, but
only those of the form P4, for every type 4, which we write P4 and call
powertypes. Along these lines one may define:

{x:4|¢} :=Axp:PA,

where x: A |y :P. On the other hand, for o: P4 and x: A4, set
x €0 := app(o,x).

According to the axioms for exponential terms, we have
XA TEX e{x:4|p}=p[x/x]
| THE{x:A|xew}=w.
Thus one could instead take only types of the form P4, and the constructors
{--|—} and € as basic, along with the last two axioms. For further simpli-

fications see [9, 12].
Finally, the S4 axioms are the usual ones

. INRCRS
I Oy =0y
e I|THOT
e IOpAOy FO(pAY)
* I'0pt¢
o IOy F0O0p
The first three axioms express that [J, viewed as an operator, is a mono-
tone finite meet preserving operation. The other two axioms are the 7 and

4 axioms, respectively. Further useful rules provable from the axioms are
necessitation

| N
DI THOp’

and the axiom K:
L0 =) FOp= 0.
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Although it is essentially obvious, for the sake of completeness we provide
a definition of a model of this language in a topos.

Definition 2.3. 4 model of a higher-order modal type theory in a topos &
consists of a faithful frame H in & and an assignment [—] that assigns to
each basic type A in L an object [A] in such a way that

« [=1¢

« [PI=H
[4xB]=[A]x[B]
o [4B]=14]".

Moreover, each term T'|t : B in L, where I' = (x, : A,,...,x, : 4,) is a suitable
variable context for t, is assigned an arrow

[]: (11— [BI

recursively as follows (where [L'] is short for [A,] x --- x[4,] and [t] really
means [I'|t: B]).

e Each constant ¢: A in L is assigned an arrow
[c]:1e — [A].
In particular:
[MT1=Tg:1le — H
[Ll=1ly:1le—H
[*:1] = Li, (the identity arrow on the terminal object).
This extends to arbitrary terms-in-context as follows

o For any constant ¢: A, [I'| c: A] is the arrow
[T] — 1e < [4]
e IfT'|s:A and T'|t: B are terms, then [I'|(s,t): Ax B] is the map
(IsDL[eD) : [T]— [AD < [B].
e IfT|t:AXB is a term, then [I'|mt: A] is
0] 5 [41x [B] ™ [4],

and similarly for m,t.
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IfT|t: A is a term and y: B a variable in T, then |[F[y:B] |)\y.t:AB]] is
A e : [Ty :B]] — [4]"
o If T'|t:A8 and T'|s: B are terms, then [I'|app(t,s): A] is

{I11,[s1): [T]— [4I*' % [B] = [4].

e For any two terms T'|p:P, T'|q:P, and x any of the connectives
AV, =, [T pxq:P]is

where in the last line x is the evident algebraic operation on H.
e If I,y:B|t:P is aterm, then [I'|Vy.t :P] is

Al V)
[ry 2 gy 2o, g

and similarly for [T'|3y.t: P] via 3.

e If T'[t:A and T'|s: A are terms, then [I'|t =, s : P] is the map

] 0 ) < pag 2% e L A,

where i is the unique (monic) frame map.
o If T'|t:Pis aterm, then [I'|0t: P] is the map
[T H 5 Q= H,

where T is the classifying map of Ty :1— H, as described before.

Before moving on, let us review some common examples

Examples 2.1

1. A well-studied class of examples are structures induced by surjective
geometric morphisms f:F — &£. If F is Boolean, then so is f, 2. For
instance, there are geometric morphisms

Sets'® — Sets®
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induced by the inclusion |C|— C. When C is a preorder, then this yields
Kripke semantics for first-order modal logic. This case was originally
studied in [5, 22].

Similarly, the canonical geometric morphism

Sets /X — Sh(X)

induced by the continuous inclusion | X| & X gives rise to sheaf models
for classical first- (and higher-) order modal logic, studied in [1]. The
exact structure of these examples will be discussed in more detail in
section 4 below.

2. More generally, by a well-known theorem of Barr, every Grothendieck
topos G can be covered by a Boolean topos B in the sense that there is
a surjective geometric morphism

f:B—g.
For H = f,Qp, this provides models in Grothendieck topoi.?

3. Of course, in any topos & the subobject classifier €2 itself would do.
However, as noted e.g. in [17, 19], the resulting modal operator will be
the identity on €.

3. Soundness of algebraic semantics

The given system of intuitionistic higher-order S4 modal logic is sound
w.r.t. the semantics described in def. 2.3. Except for the two extensionality
principles, soundness is straightforward following known topos semantics.
The reason why plain propositional extensionality fails in our semantics is
the interpretation of implication. In the general topos semantics based on
Q¢ Heyting implication on )¢ is given by the map

Qex Qe 2N Q%0 Q.

that immediately implies propositional extensionality. By contrast, for an
arbitrary frame H we observe:

3 Cf. e.g. [14], IX.9. Actually, the geometric morphism f can be extended to a surjective
geometric morphism & — B — G, where £ is the topos of sheaves on a topological space,
although &€ might not be Boolean ([14], IX.11).
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Lemma 3.1. For an arbitrary topos &, and a (faithful) frame H in &, it is
not in general the case that

HxH-—=5H

‘ T
(m1,A) i
i)

Hx H-50,

commutes.

Proof. A counterexample may easily be found in the topos Sets with sub-
object classifier 2 and H ="P(X), for some set X = 1. The adjunction

i2sPX):T

(i 7) is defined by

X, ifx=1
i(x)= .
0, ifx=0

and
T(U)=1 iff U=X.

For any U, V € P(X),
U=V =|J{IWePX)|[WNUCV}.

IfUZV,then U=UNV, and so
i8(m, A) (U, V) = i6(U,UN V) = i(0) = O.

But U ¢ V' does not in general imply U=V = @. (Consider e.g. VCU=V,
for UNV = Q). O

As suggested by the example, the reason for the failure of plain propositional
extensionality is that failure to be true (in the sense of T=X ¢ U=V does
not imply equality to | in H. On the other hand, note that 7(U=-V")=0,
because X ¢ U=V This observation generalizes. Although i§(m,\) ==
fails in general, we have the following.

Lemma 3.2. In any topos &, the diagram
HxH-—=-H

‘ J
(my,A) 4
)

Hx H-250,
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commutes, and thus

iTo = = iby(m,N\).

Proof. Consider the pullbacks

H Hx H Q¢

<7T1,/\) oH

whence the claim follows from uniqueness of classifying maps. The left-
hand square in the first diagram is a pullback by the definition of =, while
the second diagram is the definition of the induced partial ordering on H as
the equalizer of m and A. O

This argument neatly exhibits the conceptual role played by the modal
operator 7 (more exactly, the adjunction i— 7). The soundness proof is
essentially a corollary to that.

Corollary 3.3. Modalized propositional extensionality
p:Pq:PlU(p=qgkp=pq
is true in any model (£, H).

Proof. In view of lemma 3.2, and since 7, i commute with meets, the left-
hand side of the above sequent is interpreted as the map

iA (O X O ) ((Aws 1)y (Awrs T2)),

with A the meet on €2¢. The right-hand side is the internal equality on H:
by HxH— Qg — H.
It is clear from the properties of <, as a partial ordering that

NS X 6) (N e 1)y (N> T2)) <q Op-
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Since i preserves that ordering, we have

i/\(éHX(SH)«/\H,m), </\H,7Tz>> <y Z(SH O

The failure of plain function extensionality and its recovering via 7 can be
analyzed in a similar fashion. For non-modal function extensionality in the
standard 2¢-valued setting essentially holds because Vy o (6y)" = 6yr. How-
ever, in our setting we don’t in general have Vy o (i6y)" = iéyr, but rather:

Lemma 3.4. For any topos & and any faithful frame in H, the following
diagram commutes:

Y

Qr — 2 gy ™o

o] [ J

XY x xv gy W g

6XY

Hence in particular

i(SXY =1iTo VY e} (Z(SX)Y

Proof. The right-hand square of the diagram commutes by uniqueness of
classifying maps, while for the left-hand square we have 7i = 1. Similarly,
the bottom triangle commutes, because

XY 1

ol b

XY xXY—>QY Q

is a pullback diagram. (Note that the left-hand square is a pullback, because
the functor (—)', as a right adjoint, preserves these.) O

Corollary 3.5. Modal function extensionality
[ X g X OWy: Y f () =xgO) Ff=ypg
is true in any interpretation (€,H).
Proof. The left-hand side of the sequent is interpreted by the arrow

Ay (iby (evm3, evma3))
JrAeneTms, oS/

X% X" H X HSH,
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where the projections come from X' x X'x Y, andev: X' x Y — X is the
canonical evaluation. The right-hand side is simply

X% XV 2, 0. 4 [,

We need to show that the arrow

(iTVy Ay (i6y (evrs, eviras ), ibyr) : XY X X' — Hx H

factors through the partial ordering (<) — H x H. Write the left-hand com-
ponent as i¢. It is enough to show that

QOSQ 6XY :XYXXY,

whence the claim follows as before, i being order-preserving.

To show that the subobject (Q,m) classified by the map
TV Ay (i6y {evm 5, evmy ) factors through Ayr, as subobjects of X'x X7,
observe first that Ay(idy(evm s, evmys)) can be written as

evmy3, eviryy
_

y .
X' XY 2 (XY % XY x 7)Y L (xxxy &L qr L ogy

where 7 is the unit component (at X7 x X7) of the product-exponential
adjunction (=) x Y - (—)". By the previous lemma
ToVyoi¥o (by)! = byr.
The subobject in question thus arises from pullbacks
Q XY 1

JAXY JT
XY x XY

(5Xy

(evﬂ'lg,ev‘/rzg)yon
XY x XY 250

But (evm s, evmys)Y o ) is the identity arrow. For it is the transpose (along
the adjunction (—) x Y - (—)") of

(evmyy, evimyy) : XTX XV x Y — X x X.

The latter in turn is the canonical evaluation of X¥x X? viewed as the
exponential (X x X)", i.e. the counit of the adjunction at X x X, transposing
which yields the identity. As a result,

TVY)\Y(i5X<eV7713a eVTo;3 >) <q O,
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and therefore

ITVy Ay (i0y (evm s, evitys)) < ibyr. O

Remark 3.6. Before giving a counterexample to i§yr = Vy o (i6x)?, let us
remark that the equation does actually hold in the topos Sets. For consider
f=ge X, ie. f(y)=g(y), for some ycY. Then for any complete
Heyting algebra H, the function (i6x)" (f, g) € H" is defined as

)" (L)W =iy (f(), g(¥) =T, if f(y)=g»),

and L otherwise. Thus taking the meet (cf. the definition in example 1.2)
yields

A" (f,e) () =1,
yey

because f(y) = g(y), for some y €Y, by assumption. In turn the meet
equals T justin case f(y)=g(y), forall yeY,ie. ifand only if f=g.

Proposition 3.7. [t is not in general the case that for a topos € and a frame
Hin&:
iéXY = \V/y s} (Z(S)()y

Proof. To find a counterexample we consider a specific presheaf topos
SetsC” described below.* Let’s first recall some general facts. Write Q¢ for
the subobject classifier in Sets'“' and choose H = f. Q| (henceforth (2,), where
f'is the geometric morphism f: Sets'“ — SetsC” induced by the inclusion
|C| < C via right Kan extensions. Recall moreover from the beginning that
the subobject classifier 2 of SetsC” determines for each C the set of all
sieves on C. By contrast, €2,(C) is the set of arbitrary sets of arrows with
codomain C (cf. also the example from the next section).

Recall that in any category of the form Sets¢” the evaluation maps
€ : B4x A — B have components

Ec (77, a) = nC(1C7 Cl),

where 7 € B4(C)=Hom(yCx 4,B) and a € A(C). The exponential trans-
pose @ : Z — B* of a map a: Zx A— B has components

ac(z)=ao({x1y), (7

* The counterexample, in particular the choice of C and the functor G : C — Sets below,
follows a slightly different, though equivalent, proof first given in [23].
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where (:yC— Z corresponds under the Yoneda lemma to the element
ze€Z(C), i.e. is defined as ((f)=Z(f)(z), for any f € yC(D).
For any object 4 in C, the functor (—)“ acts on arrows f:C — D as

fi=foe,
for evaluation € : C*x 4 — C. In particular,

(i6p)* = ibz0¢,

for € : (Bx B)* x A— Bx B evaluation at 4. Thus, for any pair
(n.ut) € (Bx B)*(C) =Hom(yCx 4, Bx B),

we have
(idgo &) (n,p) = ibpe ((n,p)" X La) = ibg(n,).
Here we use that (n,u)": yC — (Bx B)* corresponds under Yoneda to the

element (n,u) € (Bx B)*(C)=Hom(yCx 4,Bx B) and that (n,u)" is equal
to the exponential transpose of (n,u). Accordingly,

Ve (i8p)e (,10) = Ve (i85 0 €)c (1, 1t)
= Ve (i6p(n, 1))

=l € Q(O)[Q.()(5) < ip(85) p (115(&, D). 11 (g D)), for all
(g:D— C,be A(D))},

On the other hand, the classifying map of the diagonal on a functor B :
C” — Sets is computed as

(8)c (0, ) ={f: D — C|B(f)(x) =B(/)N)},

for all pairs (x,y) € B(C)x B(C). It is the maximal sieve T- on C just in
case x = y.
Now let C be the finite category

C 5D,
and define a functor G : C” — Sets as follows:’

5 Although g: C— D may be seen as the two-element poset with resulting presheaf
topos Sets ', we will not need that description. The objects and arrows in C merely play the
role of indices, so it seems better to use the more neutral notation C, D, g.
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G(D)={u}, G(C)={v,w}, G(g)(u) =v.

Furthermore, choose 7, 4 € GY(D) such that 1= u. Observe that, while
necessarily

Np =Up:yD(D)x G(D) — G(D)

with assignment
(ID i u) —u,

we can chose 7,u in such a way that n.(g,x) = uc(g,x), for some pair
(g,x) € yD(C)x G(C). Specifically, since the first component g is fixed, the
choice is only about x € G(C) which in turn must concern w € G(C). For
naturality requires that

G(g)np(p,u) =nc(yD(g)x G(g))c(1p,u) =nc(g,v),

so that since G(g)np(1p,u)=G(g)(u)=v, we must have n-(g,v)=v;
similarly u-(g,v)=v. However, no constraint is put on the values 7. (g,w)
and u (g, w), respectively.

Then:

(669)p () ={x: X — D|G9(x)(n) = G (x) ()} = D. 3
For if x = g, observe

GYg) (M =no(ygxlg)=puo(ygxls)=G%(g)(w),
because

ne(yg x1g)e (e, w) =nc(g,w) = pc(g,w) =pc(yg xlg)c (e, w),

where the inequality holds by construction. But also, if x=1p, then
GY(x)(n)=n=u =G x)(u), where the inequality holds by assumption
again.
On the other hand,
Vo (i66)5 (n,4) = | J 1€ (D) | Q. (x)(8) < i (66)x (x (x,5), e (x, b))} = {1}
(€)]

for all pairs (x: X — D, b€ G(X)) from C. It is clear that s = {15} satisfies
the condition on the underlying set of the union, since for x =1p,

Q.(p){1p}) =1{1p}
C Tp=ip(66)p (np(Ip,u), up(1p,u)).
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On the other hand, for x = g, it is trivially always the case that

Q.(8)({1p}) = O < (b6¢)c (1c(g.b), 11c(g,D)),

for all b€ G(C).
Furthermore, note that if g € s, for some s €€2,(D), then

Q,(g)(s)=Tc ={lc}.

So if g € s, for some s in the underlying set of the union (9), we had to have

Te=Q.(2)(s) <ic(6g)c(nc(g,b), 1c(g,b)),

for all b € G(C). However, since by assumption 7n.-(g,w) = u-(g,w),

(06)c (Nc(gsw), 1e(g,w) =0,

and so
Q.(2)(s) £ ic(b6)c (nc(g,w), (g, w)).

Thus g ¢ s, for all s€€.(D) in the underlying set of Vp(i65)5 (1, 1t).
Therefore

Vo (i66)p (1,10) = {1p},

as claimed, and in contrast to (8):

i (866)p (. 10) = O.

(Of course, 7({1p}) = O, as lemma 3.4 predicts). O

Remark 3.8. There is an alternative, more combinatorial way of presenting
the previous proof. The idea is to formulate the proof in terms of loop
graphs rather than presheaves. For presheaves on the category {C - D}
can equivalently be regarded as labelled graphs that consist only of loops
and points, for instance:

C

)

®, ®

Here, G(D) is the set of edges and G(C) the set of vertices, while G(g)
assigns to an edge a point, its “source”. Thus every loop has a unique source



618 STEVE AWODEY, KOHEI KISHIDA & HANS-CHRISTOPH KOTZSCH

but each point may admit several edges on it. ) is the following graph
which is easily seen to classify subgraphs:

11 00
Loy
O

10

The labelling expresses the imposed algebraic structure of {2 with 0 < 1 and
xy <uv iff x<u & y <v. Intuitively, in presheaf terms, 1 stands for the
maximal sieve on C and 0 for the empty sieve; similarly pairs xy encode
sieves on D, where x = 1 if and only if g is in the sieve and y = 1 if and
only if 1p is in it. Then the source of an edge xy is just x. For instance, the
sieve {g} on D is encoded by 10. Then 2(g)({g}) = {1¢} which is encoded
by 1. Note also that the set of edges is the three-element Heyting algebra
from example 1.5.
By contrast (2, is the graph

11 00
Loy

Here the additional edge 01 corresponds to the fact that {15} € 2.(D). Thus
the set of edges is the four-element Boolean algebra with the source map
22— 2 induced by the inclusion 1 & 2.

The functor G from before becomes the graph

u

.'U .w
while GY is
01 0
S

wv ww

The graph Q¢ then looks like this:

111 101

OO

®] ®0 01 00

o O O U

110 100 010 000
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again with the pointwise ordering.®
The graph QY is:

111 101 011 001
o ®0 L{u)1 ®00
) ) ) )
110 100 010 000

The vertices are the four element Boolean algebra 2* with the pointwise
ordering, and the same for the edges 2°. The source map xyz — xy is the
map 2> — 2% induced by the inclusion 2 — 3 that projects out the first two
arguments of an element of 2°.

As it turns out, for §: (GxG)° — Q°:

(69)p (6,,6,) =101.

On the other hand, A (x) =xx and Ap(xy) =xxy, and so
Vp(xyz) = \/{st €Q.(D)|sst < xyz},

and similarly for €. Thus ¥, (101) = \/{00,01} = 01, for V: Q¢(D)— Q. (D),
while ¥, (101) =\/{00} = 00, for V,,: Q9(D) — Q(D).

Note finally that function extensionality is valid in constant domain
models. (See next section for the connection between topos semantics and
Kripke models.) For instance, consider a loop graph where G(D) >~ 2 =~ G(C).
An element in Q9(D), as a natural transformation 7, : yDx G — €, is com-
pletely determined by the two values 1, (1,a),n,(1,b), for {a,b} = G(D).
Thus, edges in Q¢ can be represented by sequences xyzw, where xy and zw
are the respective edges n,(1,a) and 7, (1,b) in (D), using the binary
notation from before. The source of an edge xyzw is xz. On the other hand,
the map Ap : QD) — QD) can be computed as Ap(st) = stst. Now note

¢ The labelling can of course systematically be translated into one such that e.g. edges
are labelled by natural transformations 77: yDx G — () as before. For any such 7 is uniquely
determined by the values 7, (1p,u) and 7 (g, w). Vertices are just 22, as there are exactly
four natural transformations yCx G — €2, each one defined by the pair xy of values of the
component at C(£2(C)=2). Their intuitive meaning in terms of sieves on D is as before.
In turn, the notation xyz is chosen in such a way that the source is xy. Thus, xyz is to be read
so as to mean 7, (1p,u) =xz and 7-(g,w) =y. For by definition the source of an edge 7 in
0% is Q9% g)(n) =n(yg x1g). Its component at D is empty while for C, and x = v

Nc((¥Y&)e X lge) (1, v) =nc(g,v) = nc (YD(g) X G(g)) (1p, u) = g* np(1p,u),

where the last identity holds by naturality of 7. Thus the source is the pair (g1, (1p, u), nc(g,w)).
In turn, g*np(lp,u) is the first digit of n,(lp,u). Moreover, in the expression xyz,
y=1iff 1c €nc(g,w). So the source of xyz is xy.
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that there can be no edge in QC of the form xy01 or 01zw, because 01 is not
an edge in ) (moreover that’s the only difference between Q¢ and Q9).
As a result, there is no edge in 2 such that applying V to it is different
from applying V to that same edge in QY. For the only reason this might
happen is because 01 is in the underlying set of the join

Vp (xyzw) =\/{st € Q, (D) | stst < xyzw}.

However, if 0101 < xyzw, for any edge xyzw in 0, then xyzw = 1111. But
certainly V has the same value on 1111 for both Q¢ and QY. Although the
argument is for models with domain of cardinality 2, it easily generalizes
to any n.

4. Algebraic semantics from geometric morphisms

The canonical example of a model in the sense of def. 2.3 is the case where
H = £, Q, for a surjective geometric morphism f: F — &£ [4, 15, 20, 18].
We will continue to describe it in some detail to show that the known
semantics for it really coincides with the one described in section 2, the
crucial thing to check being the equality relation. To ease notation, we write
A* for f7A, A, for f,A and €, for f,Qf, if fis understood.

Proposition 4.1. For any geometric morphism f:F — &, the object 2,
is a complete Heyting algebra in E.

Proof. The object €1, is a Heyting algebra under the image of f,, since f,
preserves products. The same algebraic structure is equivalently determined
through Yoneda by the external Heyting operations on each Sub z(A4") under
the natural isomorphisms

Sub £ (A4") = Hom (4%, 27) = Homg (4, €2,).

Completeness means that €2, has /-indexed joins and meets, for any object /
in £ One way to see this is to first note that there are isomorphisms (natu-

ral in E)
Hom (E,(,)") ~ Hom(E x I,9,) >~ Hom (E*x I'*, Q) =~ Hom (E", %),

where we use that /™ preserves finite limits. Composition with

Vo Q= Qp
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hence yields a function
Hom (£,(%,)") = Hom(E", 2%) Z°%) Hom(E", Q) = Hom (E,Q,),

all natural in £. Thus, by the Yoneda lemma, there is a unique map
V()= Q.

such that the function

Hom (E,(22,)’) — Hom(E,(,)

from above is induced by composition with V,.
V, is indeed right adjoint to A;: Q, — QL. For A;.: Qr — QF induces,
by composition, a function

Hom (E,2,) = Hom (E", 2,) 2229 Hom(E* QL)

with
Apo (=) Vo)
This adjunction in turn is the one that corresponds by Yoneda under the
isomorphism (4) to the adjunction 7 - V,:
Vet Subz(E"XI") = Subg(E™) : 7y,
where 7] is pulling back along 7, : E*x I"— E”. I-indexed joins are treated

similarly.
The modal operator is given by the uniquely determined structure

T7:Q, S Qe (10)

where 7 is the classifying map of

T=£(T):1—Q,.

Lemma 4.2. The internal adjunction (10) is induced via the Yoneda lemma
by an external adjunction

A4 Subg(4) S Suby(f74) : T (11)
which is natural in A.7

7 Cf. e.g. [18].
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Proof. Here, A, is f™ restricted to subobjects of 4. It follows that A is
an injective frame map, as f* is a faithful left exact left adjoint. On the
other hand, I’y (X, m), for any mono m : X ~— f*4, is by definition the left-
hand map in the following pullback

o—— f. X

-

A [ A

The resulting two functions, natural in 4, have the form:

Homg (4, Q) = Sube(A4) < Subs(f4) = Hom ("4, Q) = Hom £(4,2,).
(12)
By Yoneda they determine maps

0:Q¢ S Q, 1,

internally adjoint given that A, - Iy, for each 4 in £. The map 6 is monic,
because each A, is injective. It readily follows that 6 =1 and v = 7. For §
is a monic frame map and 6 - v, while the arrow

’YiQ*—>Qg

obtained through the Yoneda lemma as above actually is the classifying
map of the top element £, T:1— €. O

Lemma 4.3. The internal structure . is a faithful frame, i.e. the canonical
frame map i: Qe — §, is a monomorphism.

Proof. Since the maps A, in lemma 4.2 are injective, this means that A :
Subg (=) — Sub,(f*(—)) is a monic natural transformation. As i : Q¢ — €,
is obtained using the Yoneda lemma from the maps A, it readily follows
that i is monic, because the Yoneda embedding reflects monomorphisms.
O

Formulas ¢ (in one free variable, say) are thus interpreted equivalently in
any of the following ways (let M interpret the type of x):

[pleSubs(f M), M qr M2 q,

where the third one follows from definition 2.3.
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Moreover, let &, be the classifying map of the diagonal (ly+, 1y :
M™— M*xM". We will write its transpose along f*- f, simply as

MxM 25 Q, (13)
when M is clear. Then we have:

Lemma 4.4. The equality predicate for M™ may be interpreted by the map
(13), obtained as the transpose along f* f, of

(i*
(MXMY =M*xM* — Q.

The proof is immediate, given the soundness of the interpretation with
respect to Gy+.

Definition 4.5. By a geometric model we shall mean a model derived from
a geometric morphism in this way; specifically, where f:F— & and
H = f. ().

To show, finally, that geometric models are a special case of algebraic ones,
the main thing that needs to be verified is that equality is interpreted the
same way in each case, i.e.:

(S*:iO(SM.

First, we make the following observation:

Lemma 4.6. For any map o :D— (), we have iTo o=« iff the sub-
object classified by the transpose a: f'D—Qr of a is of the form
f'm: f"A— D, for some m:A4— D in E. O

Proposition 4.7. For any object D in & and any geometric morphism
fF=E:

6*:i06D.

Proof. We prove this by showing

TO 5*: 5[),

whence the statement follows from 6, =io 706, =i o 6p, where the identity
8. =ioTo §, holds by applying lemma 4.6 to §..
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The proof is essentially contained in the following diagram

D D (D),

Qe

where Ap = (1p,1p), 1 is the unit of " f£,, and 6, 7 denote the respective
classifying maps. The square in the middle is a pullback, since f, preserves
them. Moreover, by the definition of 6p, the large outer square is a pullback.
Note further that é. = (6p+), © Np«p, by the definition of 6, as the transpose
of ép+ along f*H f,. Thus the desired equality would follow if the unit
square were a pullback, for then

70 (Op*)s © NMpxp = TO Os

would classify Ap, and so 70 6, = Op. This is in fact the case. For f: F— &
being surjective (i.e. /™ faithful) implies that the unit components, and
therefore 7, X np, are monic. A direct verification then shows that the
square is a pullback. O

Example 4.1. Kripke Models. As is well known, any functor /: C— D
induces a geometric morphism

4 f. : Sets® — SetsP,

where f* is precomposition with F, and f, is a right Kan extension.
Let C=|D| and F the inclusion i : |D|—|D|. Then the induced geometric
morphism i*- i, : Sets® — Sets is surjective. The subobject classifier
in SetsP consists, for each D, of the set of cosieves on D, which can be
construed as the functor category

D/D
2575,

where 2 is viewed as the poset {0 <1}; while Qp (D) =2, for each D in D.
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On the other hand, by the definition of right Kan extension, i, Qp/(D) =
[Thepm 2 =2"""PI, as can also be seen from

The last set is (isomorphic to) the set of subfamilies of the functor
i"(yD) : |D|— Sets, by the definition of the subobject classifier {p: each
natural transformation

i"(yD)=yDoi=Homy(D,—)—2

determines, for each D’ in D, a set of arrows D — D’. On arrows /i : D — D/,
the functor i,Qyp is the function i,y (h) : i, Qp (D) — i, Qp (D) defined
as

L () (A) = {f: D" — X | foh € 4}.

The components of the (internal) adjunction 7 : {2y = i, € : 7 then read

. D/D|
ip: 2P0 & 2P

where i, - 7p “externally”. It is not hard to see that i is the inclusion, while

p(A) = \/{S €2PPlip(S) < 4},

by the definition of right adjoint to the frame map i (cf. (6)). In words, 7
maps any family of arrows with domain D to the largest cosieve on D
contained in it. In particular, when D is a preorder, then D/D =T (D), the
upward closure of D; while 2P is the set of all monotone maps | (D) — 2,
i.e. upsets of T (D), while 2/P'Pl is the set of arbitrary subsets of T (D).

An arrow ¢ 1 E— i,Qp = 2™ in Sets® defines an indexed subfamily P
of the functor F, and conversely. Explicitly, given such ¢: E—i.Qp,
define subsets P,(D) C E(D), for each D in D and a € E(D), by

a € P,(D) iff 1, € ¢p(a). (14)

Conversely, given maps E(D) — 2, i.e. components of an arrow i"E — (Qp,
in Sets®, or equivalently a subfamily P of E, define a natural transforma-
tion ¢p: E— i,Qp by

(ppp(@) = {f:D— ClE(f)(a) € P(C)j}, (15)

These constructions are mutually inverse and so describe the canonical
isomorphism
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Hom (E, i) = Hom (i"E, Qp) = Sub (i'E).

Note also that the transpose p =c* of ¢ : E— (), along the adjunction
f*H f, actually is the classifying map in Sets!”! of the subobject P, of f*E
defined in (14):

ecpc(a)=1 iff 1c €pc(a)
iff 1c € e (a)
iff ac P,(C),

for any a € E(C).

On the other hand, considering Q) =22/ instead of 2/”'P!, the same
definitions (14) and (15) establish a correspondence between subfunctors
of E and their classifying maps in Sets”. In particular, the classifying map
of a subfunctor of E factors through i,Qk via 7.

Thus, when D is a preorder, algebraic models in the complete Heyting
algebra i,{)x are precisely Kripke models on D. The “domain” of the model
is given by the functor £, while each E(D) is the domain of individuals at
each world D. Each formula determines, as an arrow ¢ : £ — ()4, a sub-
family of E, that is a family (P,(D) C E(D)). Then 7 determines the largest
compatible subfamily of that family, i.e. a family closed under the action
of E. Indeed, for x € E(D),

xe€P,(D) iff 1p € (19)p(x).

Now (7¢)p(x) is the maximal sieve on D just in case ¢, (x) is. So, if satisfied,
the right-hand side means that x € P,(D) and moreover F'(f)(x) € P,(C), for
all C > D. Semantically speaking, x satisfies 7¢ (at D) just in case x (or rather
its “counterpart” Frp(x)) satisfies ¢ in all worlds accessible from D.

Thus we recovered the natural adjunction

Ag: Sub(E) = Sub(i'E) : Ik

that succinctly describes the algebraic structure of Kripke models.

Lastly, presheaf semantics reduces to standard Kripke semantics for
propositional modal logic in the following sense. In the latter, propositional
formulas are recursively assigned elements in P(K), for a preorder K. Let
P(l(—)) =2, be the composite functor

’P —
K ER Sets ! Sets” .

Observe that
P(K) = Homggxr (1, P(] (—))),
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via assignments (where ¢ C P(K))

o= (p=1(kNp)|keK)

and
(or 1k €K) — USOk-
%

Thus modelling formulas (in one variable, say) by maps of presheaves

M —P((=) =L

yields precisely the familiar Kripke model idea for propositions, i.e. closed
formulas. Moreover, for constant domains:

Homg gk (AM,P(|(—))) = Homge (M, limP(| (—))) = Homges (M, P(K)).

Here, A: Sets — Sets¥” is the functor A(M)(k) =M, for any set M and
k € K. A function ¢ : M — P(K) assigns to each individual in the domain
M a set of worlds for which the individual satisfies the formula represented

by .

Kripke-Joyal forcing: Another way of seeing the close relation between
presheaf semantics and Kripke semantics is via the notion of “Kripke-Joyal
forcing” [14, 12]. For any topos £ one can define a forcing relation || to
interpret intuitionistic higher-order logic. Given an arrow ¢ : M — ()¢, let
S, be the subobject of M classified by . Then for any a : X — M, define

X IF@(a) iff a factors through S.,. (16)

This holds iff wa = ty, where ty is the arrow T o !y : X —1— Q. The idea
is that ¢ corresponds to a formula, while « is a generalized element of M,
thought of as a term x: X |a: M. In fact, ¢ and a are terms in the internal
language of &, reinterpreted into £ by the forcing relation. The relation |-
satisfies certain recursive clauses for all the logical connectives [14, 12].
Conversely, starting with an interpretation of the basic symbols of a higher-
order type theory in a topos £ (as maps into {2¢), then these recursive
clauses determine when a formula is true (“at an object X’). When a is a
closed term, i.e. a constant, for which one may assume X = 1, then this says
that the two arrows

1—2 M —25Qp

T
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are equal; i.e. the closed sentence ¢[a/x] is “true”. In general, the forcing
relation thus defines when formulas are true (at X), much as in Kripke
semantics, as we now illustrate.

Consider presheaf toposes of the form Sets®”. In this case, the forcing
relation X |- p(a) can be restricted to objects X in £ forming a generating
set.’ For presheaf toposes SetsC” the representable functors yC form a gen-
erating set, so one may assume that X = yC, for some object C in C. Also,
by the Yoneda lemma, generalized elements @ : yC — M may be replaced
by actual elements a € M (C). To say that a:yC— M factors through a
subobject S € Subg (M) is then equivalent to saying that the corresponding
element a € M (C) actually lies in S(C). As a result, the forcing condition
becomes

yClFp(a)iff ae S, (C),

where, as before, ¢ classifies the subobject S, of M. We shall hereafter
write C ... instead of yCIF....

Now consider the standard €2,-valued model for classical higher-order
modal logic in a presheaf topos SetsC”, associated with the canonical
geometric morphism Sets'“ — Sets€”. We define another forcing relation
C Ik p(a) which takes this modal logic into account.

Definition 4.8. For any presheaf topos Sets€”, define a forcing relation |I-,
for arrows ¢ : M — ., objects C in C, and elements a € M (C) by:

C ke (a) iff CIFB(a), (17)

where |- on the right-hand side is the usual forcing relation w.r.t. Sets'“! (as
defined in (16)), and (=) indicates transposition along f*- f..

Further analysing the right-hand side of (17) gives:
ClFp(a) iff acS;(C) (18)

where S is the subobject of M " classified by ¥ in Sets ',

Proposition 4.9. Let |k be the forcing relation of Definition 4.8. Then for
all p,v:M — Q, and a € M(C) the following hold:

8 Cf. [12]. One says that a set S of objects from & is generating, iff forany f=g: A= B
in &, there is an arrow x: X — 4, for some X € S, such that fx=gx.
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CIkT always
Clk L never

Clk @A) iff Clke(a)and Cls(a)
Clhp@)Vi(a) iff Clsp(a)orClk(a)
Clhpla)=v(a) iff Clke(a)implies Clk(a)
Clk Vxp(x,a) iff Clkp(b,a) forallbeM(C)
Clk dxp(x,a) iff Clk@(b,a) for somebeM(C)
CIEOp(a) ifft DIk p(p*a) forevery p:D— C
Clrt(@eu(a) iff (letc(a)) € (uc(a))c,
fort:M — N and u:M — QY

where (=i, and Vxyp is the arrow M 2> QY ™, €., with ¢ the exponen-

tial transpose of M x M — (), and similarly for Ixp(x,a).

Remark 4.10. Although Ik is a relation between objects C and arrows
w: M — (), it also makes sense to think of the (o as formulas, with the
clauses above holding w.r.t. the arrow [] assigned to the formula ¢ as
in section 2. For instance, interpreting a syntactic expression Jxp(x,y)
(by 2.3) yields an arrow 3)/[¢]. When C is a preorder this is then not
merely similar to, but actually is the Kripkean satisfaction relation between
worlds and formulas, extended to higher-order logic.

Proof. We shall just do a few exemplary cases for the purpose of illus-
tration. Consider C Ik go(a)\/zp(a) which by definition 4.8 means that
a€ S 5 (C). Here, Q,xQ, 5 Q, is the join map. Recall from pr0p051-
tion 4.1 that V actually is of the form V/,, for the join map QxQ -5 € in
Sets'“. Thus the following commutes, by naturality of the counit ¢:

(p* ™
AL

That is to say,

and so S,y = Szyp. Since Sets'“' is a Boolean topos, by the definition of
Sovp in Sets'“ we have:
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a€S5,5(C) iff aeS:(C)oracS;(C),

i.e. if and only if Clk ¢(a) or Clk ¢(a). The argument for the other
logical connectives is similar.
For V, by definition,

Clr Vxp(x,a) iff ae S5 5(0),

with
Sv3(C) = Sy, (C)={a e M(C) | 1c € (V=) (a)}

defined as in (14). By the definition of V)+, and because |C| is discrete:

le € (V@)c (@) iff 1c € Jlis €2.(O)[Q.()(5) < @e(@)p(f, D),
forall f:D— C, be M(D)}
iff 1c € J{s € .(O)|s < e(a)c(le,b), forallb e M(C)}
iff 1¢ € po(a,b), forallb e M (C)
iff (a,b)e€ S,, forallbe M (C)
iff Clk @(a,b),forallbeM(C).

The last two equivalences hold by the definition of S, and Ii~. To see the
third equivalence, let oo:yC— M be the map that corresponds under
Yoneda to a € M (C). Then, by the definition of » (cf. (7)):

oc(@)c (1¢,b) = pc(ax1y)c (1¢,b) = pc(ac(10),b) = pc(a,b).

Then, if 1. is in the union, it is in one of the s €2, (C), and thus
lc € pc(a,b), for all b€ M(C). On the other hand, if 1 € p-(a,b), for all
beM(C), then 1. is in the union for s = {1.}.
The clause for € follows from its definition:
Setsy={a €M (C) |1 €e(s,t)c(a)}
={aeM(O)|lc €ec(sc(a), tc(a))}
={aeM(O)|lc €(sc(a)c(le, tc(a)),

using the definition of the evaluation map ¢: Q" x 4 — Q.
For O, as before, i7y determines a subfamily of M with components

Sirp(C) ={a cM(C)|lc € (iTp)c(a)}.
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But (it¢)(a) is a sieve, as it factors through §2(C), and so
Sirg(C) ={a e M(C) | (iT)c(a) =Tc},

for Tc the maximal sieve on C. However, by the defining properties of 7
and i,

(itp)c(a) =Tc iff pc(a) =Tc.
Therefore,

Sirg(C) ={a eM(C) | ¢c(a) =Tc}
={aeM(C)[(xs,)c(a) =Tc}
= {a€M(C) |{p:D—C| p'ac S,(D)} =Tc}
={acM(C)|pacS,(D),forall p:D— C}.

In forcing terms:
Clkirp(a) iff a € S;.,(C)
iff p'acS,(D), forallp:D—C
iff DIk o(p*a),forall p: D — C. O

Example 4.2. Sheaf Models. For a topological space X the (surjective) geo-
metric morphism

i*41i,:Sets/X — Sh(X)

coming from the continuous inclusion i : | X| & X gives rise to modal sheaf
semantics for classical S4 modal logic as described in [1]. This is most
readily seen by viewing sheaves on X as local homeomorphisms over X.
In this case, the adjunction (11) reads:

A :Subgix (E) S Subsersx (i°E) : T
where £ — X is a local homeomorphism. A subobject of i*E in Sets/.X is
simply a commutative triangle of functions in Sets

AA——F

N
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which is entirely determined by a subset 4 C E. One obtains the largest
subsheaf of £ contained in 4 just by applying the interior operator of £ to
ACE:

IntA——— F

N

The horizontal inclusion is then continuous w.r.t. the subspace topology on
intA. The composite is then a local homeomorphism, because the restriction
of any local homeomorphism to an open subset of the total space (£) is one.

This is therefore just the familiar topological semantics for propositional
modal logic, given by the adjunction

i : Subgyx\(E) = O(E) = P(E) = Subgy y (i°E) - int

In this case the algebraic formulation via maps into the subobject classifier
is perhaps less intuitive. The subobject classifier w: {2 — X in Sh(X) has
the fibers:’

w (%) =lim |U

xeU

where [U is the set of all open subsets of U € O(X). On the other hand,
viewing sheaves as a special kind of presheaves, the formulation is now
more familiar. The subobject classifier takes the form Qy(U)=|U (for
V' CU this acts by N —, i.e. the inverse image along the inclusion). Thus
Qx(U)=0O(U) for the subspace topology on U. In turn, 2. (U)="PU)
with the evident restriction along inclusions. Thus propositions are mod-
elled by natural transformations M — P to the contravariant powerset-
functor, while the map 7, : P(U) — O(U), for any U C X, picks the largest
open subset contained in a given subset of U, i.e. the interior.

With this description, sheaf semantics may be seen as the generalization
of the familiar topological semantics for propositional modal logic to quan-
tified languages. The previous case of presheaves on a preorder K is actually
a special case of this one by taking the Alexandroff topology on K.

5. Geometric models from algebraic ones

The foregoing shows that every geometric model gives rise to a logically equiv-
alent algebraic model in the sense of section 2. The following observation,
obtained through general topos-theoretic considerations, states the converse.

° See e.g. [14].
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Fact 5.1. For any complete Heyting algebra H in a topos &, the canonical
structure
T HS Qe

(i 1) arises from a topos H and geometric morphism g:H— &, via
H= g*Q'H

Proof. (sketch) The topos H may be defined as the category She¢(H) of
internal sheaves on H. A description of She(/H) can be given in terms of
locales in £ (see [9] C1.3). A local homeomorphism over the locale H is
an open locale map £ — H with open diagonal £ — Exy E, where the
codomain is the product of locale morphisms over H (in £). This is an
internalization of the notion of local homeomorphism over the “space” H,
in view of the fact that a continuous map 7 : Y — X of topological spaces
is a local homeomorphism just in case both 7 and its diagonal (over X) are
open maps. Alternatively, using the internal language of &, the category
Sh¢(H) may be described as consisting of internal presheaves on the site
H (with the sup-topology) that satisfy the usual sheaf property in the inter-
nal language. See [9], C1.3 for details.

Next, recall that for any two frames X, Y in &, there is an equivalence of
categories

Fre(Y, X) >~ Top (She(X), She(Y)) (19)

between frame homomorphisms ¥ — X in &£ and geometric morphisms
Sheg(X) — She(Y) [9, 14]. Then g: She(H) — & arises under this equiva-
lence from the frame map i, noting that

E~ Shg (Qg)

Externally, the idea of (19) is that the inverse image part g* of a geometric
morphism g : Sh(X) — Sh(Y) restricts to a frame homomorphism

g* : SubSh(y)(l) — SUbsh(X)(l),

where 1 is the terminal object, respectively. Observing that for any sheaf
topos Sh(X), we have Subgx)(1) = O(X) gives the required frame map.
On the other hand, it is also well-known that a frame map ¥ — X induces a
geometric morphism of the required form for the sup-topology on X and ¥,
respectively. These constructions are inverse and relativize to an arbitrary
topos £ instead of the usual category of Sets [9, 10]. Moreover, the geometric
morphism g is surjective iff i is monic.
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Lastly,
H = g, Qgsh, ),

because Sh¢(H) coincides with the hyperconnected-localic factorization of
g itself, which is determined (up to equivalence of categories) [10] as the
sheaf topos

She(g. QShg(H))a

whence it follows that

= Subshe) (1) = g r)- O

This last observation applies in particular in case H = f,{)r is already of
the required form. Then Sh¢(£2,) occurs in the hyperconnected-localic fac-
torization of f:

F —— She(Q)
N A

and

£ Qr = 2. Qsner.0p)-

Externally, we have:
Sub(£*4) = Hom - ( £*4, Q)
=~ Homg (4, £.825))
= Homg (4, 2.0she(1.05)
= Homgn, (1,0, (84, Qsny(1.0)

= Subgp, (1,0, (g°4)

for all 4 in & This allows us to restrict attention to localic surjective geo-
metric morphisms. For instance, the geometric morphism

i< i, : Sets® — Sets®

considered in the previous section is localic.
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